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Abstract—A 3-D global Earth-ionosphere finite-difference
time-domain (FDTD) model is introduced that includes for the
first time an anisotropic magnetized cold plasma ionosphere.
All previous global FDTD Earth-ionosphere models to date
have employed an isotropic conductivity profile. To generate
the new model, a previously validated and published 3-D Carte-
sian magnetized cold plasma algorithm is adapted to the global
latitude-longitude FDTD mesh that involves trapezoidal cells,
merging of cells in the Polar regions, and triangular cells at the
Poles. The global geomagnetic field, ionospheric particle densities
and collision frequencies, as well as the Earth’s topographic and
bathymetric data are all mapped onto the global space grid. After
a local high-resolution validation that demonstrates correct cal-
culations of electromagnetic propagation in magnetized plasma,
another numerical study is performed to validate the model on
a global scale. This new model opens doors to a wide variety
of advanced modeling for higher frequency and higher altitude
electromagnetic phenomena and represents a paradigm shift
from the commonly used ray-tracing codes. It also provides the
opportunity to couple FDTD Earth-ionosphere models to other
geophysical models, such as the Naval Research Lab’s SAMI3, to
yield a multiphysics simulator.

Index Terms—Earth, electromagnetic wave propagation, finite-
difference time-domain (FDTD) method, ionosphere, magnetized
cold plasma.

I. INTRODUCTION

F OR almost two decades, the finite-difference time-domain
(FDTD) [1], [2] method has been applied towards mod-

eling electromagnetic (EM) wave propagation within the Earth-
ionosphere system [3], [4]. Initially, due to constraints of avail-
able computational resources, 2-D FDTD models were gener-
ated and employed to study, for example, long-range propaga-
tion [5], [6], propagation from lightning [7], D-region pertur-
bation induced by solar flare [8], and energy spectrum of ce-
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lestial gamma-ray bursts [9], etc. As computing resources con-
tinued to improve, global 3-D FDTDmodels began to appear for
extremely low-frequency (ELF) propagation within the Earth-
ionosphere system. These global models were applied, for ex-
ample, towards calculations of propagation from lightning [10],
[11], Schumann resonances [12], remote sensing of oil fields
[13], remote sensing of ionospheric disturbances [14], mod-
eling hypothesized EM earthquake precursors [15], and space
weather effects on the operation of power grids [16]. References
[3] and [4] provide a thorough summary of all FDTD local and
global models of the Earth-ionosphere system up until the time
of their respective publication dates.
Note that all of the global models to date have utilized an

isotropic conductivity profile to represent the ionosphere. As a
result, the ionosphere is treated as a simple isotropic medium
that ignores the influence of the geomagnetic field. This appears
to be adequate in calculating the average propagation of EM
waves below altitude and at frequencies less than

over thousands of kilometers [4]. However, by not in-
cluding effects introduced by the anisotropic geomagnetic field,
thesemodels are not capable of modeling Faraday rotation in the
ionosphere [17], whistler wave injection [18], and lightning-in-
duced electron precipitation [19], for example.
This paper concerns the advancement of the global FDTD

Earth-ionosphere models to account for the physics intro-
duced by the magnetized ionospheric plasma. Incorporating
this modeling capability will permit higher frequency (above

) and higher altitude (above an altitude of )
propagation studies than permitted by all of the previous global
models involving isotropic conductivity profiles. As such, by
being able to account for the geomagnetic field, ionospheric
particle densities and collision frequencies, the Earth’s topog-
raphy, oceans, and lithosphere layering, as well as any antennas
and obstacles (manmade or natural), these models represent
a paradigm shift from ray-tracing codes. Furthermore, this
advancement introduces the possibility of coupling the FDTD
Maxwell’s equations models with models of other geophys-
ical processes to yield multiphysics simulators. For example,
FDTD models having a magnetized ionospheric plasma can be
coupled with the Naval Research Lab’s SAMI3 (SAMI3 is also
a model of the ionosphere), which solves the 5-moment set of
transport equations of magnetized plasma and also accounts for
photoionization and chemical processes [20].
As such, we report here what we believe to be the first global

FDTDEarth-ionospheremodel that includes amagnetized iono-
spheric plasma algorithm. To generate this model, the previ-
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Fig. 1. Nonmerging latitude-longitude grid cells for the Northern hemisphere (a plane is superimposed onto a plane so that both the k and
components are illustrated).

ously validated 3-D Cartesian-coordinate cold plasma model of
[21] is taken and adapted to the latitude-longitude global model
of [22]. Here, the latitude-longitude model is chosen over the
global geodesic model of [23] for ease of implementation.
The 3-D Cartesian cold plasma model of [21] is based on

the 2-D cylindrical-coordinate plasma algorithm of [24]. This
algorithm has the capability to simulate wave behaviors in
cold plasma under applied magnetic fields of arbitrary direc-
tion and magnitude. Plasma effects contributed by electrons,
positive, and negative ions may all be included. Note that
a magnetic-field-independent absorbing boundary condition
(ABC) has been recently developed to truncate computational
domains that employ the plasma algorithm [25]. This ABC
may be incorporated on a global scale on the upper radial (or
vertical) side of the computational domain if needed, or it may
be useful for terminating localized (in the latitude-longitude
direction) models of the Earth-ionosphere system.
One of the most important characteristics of the plasma

algorithms of [21] and [24] is that, for modeling the ionosphere,
they do not introduce a late-time instability or require an
order-of-magnitude smaller time step than that permitted by
the Courant limit [2]. These were limitations found for other
FDTD plasma algorithms when modeling the ionosphere, such
as those in [26]–[28]. This characteristic allows for complete
transformation from the 3-D Cartesian-coordinate formulation
of [21] into the 3-D latitude-longitude grid structure of [22]
without loss of its medium-independent stability property for
highly anisotropic ionosphere media.
The remainder of this paper is structured as follows. In

Section II, an algorithm overview is provided for the new 3-D
global FDTD model based on [22] but upgraded to include an

adapted version of the magnetized cold plasma algorithm of
[21]. Section III then details the construction process of the
global latitude-longitude gyrotropic cold plasma algorithm, and
Section IV shows its accuracy by comparing the local simula-
tion results to those in [21]. Section V describes the validation
study for impulsive ELF propagation using the newly-devel-
oped global plasma-ionosphere model, and Section VI provides
the validation test results. Finally, Section VII concludes with
a discussion of ongoing work and potential applications of this
model.

II. ALGORITHM OVERVIEW

The updating scheme for each magnetic field intensity
component of the global model is identical to those presented
in [22], regardless of its position within the ionosphere, atmos-
phere, oceans, or lithosphere. The updating scheme for each
electric field component in the atmosphere, ocean and litho-
sphere portions are also taken here to be identical to those shown
in [22]. The reader is referred to [22] for a more detailed descrip-
tion for these “regular” updates.
The -fields within the magnetized cold plasma region re-

quire an altered updating scheme. Specifically, the original iter-
ation set (33) in [21] for implementing the magnetized plasma
in Cartesian-coordinate must be adapted to accommodate the
global latitude-longitude mesh of [22]. Equation (1) presents the
resulting time-domain expression for calculating the field com-
ponents of and electron current density for altitudes within
the cold plasma ionosphere. Here, only the effects of electrons
within the ionospheric plasma are considered; however, (1) can
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be easily expanded to include the effects of positive and nega-
tive ions by following the methodology of [21]

(1)

As defined in [22], and are the West-East and
South-North span of each trapezoidal or triangular grid cell, re-
spectively. is the cell span in the radial direction. is the
corresponding trapezoidal or triangular cell area centered at the
grid component being updated.
D (expressed as in [21]) and U (expressed as in

[21]) are the corresponding 6 6 iteration coefficient matrices
needed for implementing the plasma system. The matrix entries
in D and U depend on the modeling parameters as well as the
ionospheric plasma properties (particle densities, collision fre-
quencies, and geomagnetic field components) that vary with al-
titude ( -direction) and position around the Earth.
This magnetized plasma algorithm adopts the so-called

collocation technique that collocates the current density
components , , in both time and space with their
corresponding , , and , respectively. As such, the
updating schemes of the components are analogous to their
corresponding -field counterparts and, therefore, will not be
separately discussed in this paper.
According to (1), the time-domain updating equations for ,
, and in a magnetized cold plasma can be expressed as

(2)

(3)

(4)

where the superscript denotes the corresponding index
of the individual matrix element of D and U.
As discussed in [21], to update , , and within the

magnetized cold plasma region of the global FDTD algorithm
using (2)–(4), all of the six and field quantities and the
six -derivatives at previous time-step must be evaluated at the
same grid position of the corresponding to-be-updated -field
component. This requires implementation of spatial-averaging
as in [21] to be used for all of the spatially noncollocated state
variables and derivatives in the latitude-longitude mesh. A bar
over the field components within (2)–(4) denotes those com-
ponents must be spatially averaged to perform the indicated
calculation.

III. GLOBAL MAGNETIZED PLASMA ALGORITHM DETAILS

A. Nonmerging Trapezoidal Grid Cells

Fig. 1 illustrates nonmerging latitude-longitude grid cells. To
show the relative lateral positions of the different grid compo-
nents, a plane is superimposed onto a plane. In the
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actual FDTD model, these two planes are separated by a dis-
tance of in the radial -direction.
To be consistent with reference [22], , , and are cal-

culated at , and (i, j,
k), respectively. Referring to Fig. 1, can
be updated through (2) with the noncollocated state variables
and derivatives calculated by the following spatial-averaging
expressions [see (5)–(10), shown at the bottom of the page].
Substituting (5)–(10) into (2), we can obtain the updating

equation for regular trapezoidal grid cells. Note that the spatial-
averaging expressions of the components are similar to their
-field counterparts.
Following an analogous process, and updates can be

formulated for the nonmerging trapezoidal cells. Due to space
constraints, these update equations will not be included here.

B. Merging Trapezoidal Grid Cells

As pointed out in [22], the geometrical eccentricity of each
individual cell becomes quite large near the North and South
Poles, thereby degrading the numerical stability limit and effi-
ciency of the global FDTD algorithm. To mitigate this problem,
an adaptive cell-combining technique involving merging pairs

of adjacent cells in the West-East direction is applied in this
global model when approaching the polar-regions. This process
can be repeated several times based on the user-specified max-
imum allowable eccentricity.
Fig. 2 illustrates the FDTD mesh containing merged trape-

zoidal grid cells when approaching the North-Pole region. As
for Fig. 1, a plane is superimposed onto a plane al-
though these planes are actually separated in the radial -di-
rection by . Updates for the -field components within
merging cells follow the same procedure as for nonmerging
cells, except that special care must be taken when performing
spatial averaging.
For example, referring to Fig. 2, at the center of

the merged -plane trapezoidal cell can be updated through
(4) using (11)–(16), shown at the bottom of the next page.
In a similar manner, the components can be updated via

analogous spatial averaging as for the components. On the
other hand, due to the cell-combining operations, the spatial-av-
eraging schemes for the components located at varying grid
positions are different (depending on whether the component is
located above or below the merging interface, and depending on
if it has an even or odd spatial -index).

(5)

(6)

(7)

(8)

(9)

(10)
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Fig. 2. Merging trapezoidal grid cells for the Northern hemisphere of the global model (a plane is superimposed onto a plane so that both the k and
components are illustrated).

For example, referring to Fig. 2, in-
volves a regular updating scheme corresponding to nonmerging

trapezoidal cells, except for the following components [see
(17)–(20), shown at the bottom of the next page], whereas the

(11)

(12)

(13)

(14)

(15)

(16)
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Fig. 3. Merging trapezoidal grid cells at the North Pole (a plane is superimposed onto a plane so that both the k and components are illustrated).

updating scheme for involves a
regular nonmerging trapezoidal updating scheme except for the

following components [see (21)–(26), shown at the bottom of
the next page].

(17)

(18)

(19)

(20)
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C. Polar Region Merging Cells

Due to the large geometrical eccentricity of the grid cells at
the North and South Poles, the row of FDTD cells directly cir-
culating the Poles consists of a set of merging cells as shown in
Fig. 3. Note that some field components aremissing for updating
the magnetized plasma and components directly circulating
the Poles (e.g., for of Fig. 3, and values

to the North do not exist, but are needed in the spatial aver-
aging calculations). So instead of using magnetized ionospheric
plasma updates for these components directly circulating the
Poles, nonmagnetized plasma updates are employed. That is, for
the small number of components at each Pole having missing
fields in their updating equations, a background magnetic field
value of zero is employed, thereby eliminating any need for spa-
tial averaging (for this case, the algorithm reduces to “normal,”

(21)

(22)

(23)

(24)

(25)

(26)
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unmagnetized updates, but with the updating coefficients still
depending on the particle densities and collision frequencies).

IV. LOCAL HIGH-RESOLUTION, ANISOTROPIC VALIDATION

We first study the performance of the new 3-D trapezoidal
FDTD plasma model by comparing its calculated propagation
characteristics with that of the 3-D Cartesian-coordinate plasma
model of [21].
As for the numerical study of Section IV of [21], the plasma

is modeled as having an electron density of m
(no ions) under an applied 0.06 T magnetic field. What is dif-
ferent here from the study in [21] is that instead of a Carte-
sian grid, the plasma medium is assumed to curve around a
sphere of radius 2.6738 m (this small radius is chosen since
the grid cells are small here as in [21] and we want here to
properly test curved trapezoidal cells that are not nearly cubic
cells on a large sphere). Results are obtained for propagation
from the Equator to 30 . The radial extent of the domain is
2.6738 to 3.2138 m. Thus, the propagation characteristics are
tested here over nonuniform grid cells whose sizes vary from
1.38 1.20 1 mm to 1 1 1 mm. As for Section IV of
[21], a Gaussian pulse is employed and an observation point at
a distance of 40 cells from the source is selected.
Fig. 4 illustrates the time and frequency domain waveforms

of the normalized component recorded at the observation
point as calculated by the trapezoidal model (dotted lines) and
the Cartesian model of [21] (solid lines). We would expect some
variation in the magnitudes of these recorded waveforms of the
Cartesian and trapezoidal models, since the trapezoidal model
includes curvature. Note, however, from Fig. 4 that both models
correctly produce the slow whistler mode below the electron cy-
clotron frequency, rad/s [21], and a resonance at the
cyclotron frequency. Further, both models clearly demonstrate
the LH- and RH-circularly polarized modes in the frequency do-
main, and both time-domain waveforms demonstrate the slow
whistler mode as a low frequency oscillation arriving at about
600 time steps. Thus, the 3-D trapezoidal FDTD plasma model
produces numerical results that agree with plasma theory and
correctly demonstrate the anisotropic features of magnetized
plasma.

V. GLOBAL VALIDATION DESCRIPTION

The 3-D Cartesian-coordinate FDTD plasma code of [21] has
been previously validated for accurate calculation of EM wave
propagation in the magnetized plasma. This includes validation
tests of Faraday rotation and whistler-mode propagation. Here,
in the interest of testing the plasma’s accuracy on a global scale,
the previous propagation attenuation study of [22] is repeated
but with the magnetized ionospheric plasma algorithm. Note
that this validation test permits comparison of the propagation
attenuation as calculated from two vastly different formulations.
It will compare the results of (1) a global FDTD model having
the ionosphere represented by a simple exponential conductivity
profile that is accounted for through the traditional updating co-
efficients of the FDTD grid electric fields; and the results of (2)
a global FDTD model having the ionosphere represented by the
magnetized cold plasma that is accounted for via coupling of

Fig. 4. Waveforms calculated by the trapezoidal model (dashed line) and the
Cartesian model (solid line) for a Gaussian-pulsed plane wave propagation in
the plasma with an applied magnetic field. (a) Time domain and (b) frequency
domain.

the Maxwell’s FDTD equations with current equations derived
from the Lorentz equation of motion.
Following the general validation procedure of [22], global

topographic and bathymetric data are taken from the NOAA-
NGDC “Global Relief CD-ROM” [29] and incorporated into
the FDTD Earth-magnetized ionosphere plasma model. These
data are mapped onto the 3-D space lattice with an assumed
resolution of 40 40 5 km at the equator. For the lithosphere,
the same conductivity values of [22] are assigned depending
upon whether the space lattice point is located directly below
an ocean or within a continent. And finally, for the low-altitude
atmosphere, the same exponential conductivity profile of [22] is
also assumed.
For the magnetized ionospheric plasma assigned at high alti-

tudes, the position-and time-dependent density profiles of elec-
trons and ions can be obtained, for example, from the Interna-
tional Reference Ionosphere (IRI) [30]. However, for the gen-
eral validation study in this paper, exponential profiles for the
particle densities and the collision frequencies as proposed in
[31] are utilized. Finally, the global geomagnetic field data is
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Fig. 5. Comparison between the FDTD-calculated ELF propagation attenu-
ation versus frequency over paths and and the analytical results

.

obtained from the International Geomagnetic Reference Field
(IGRF) model [32] and is mapped onto the FDTD mesh.
Continuing with the general procedure of [22], the newmodel

is excited with a vertical, 5-km-long current pulse having a
Gaussian time-waveform with a 1/e full-width of 480 , where

. To ensure a smooth onset of the excitation, the
temporal center of this pulse is at 960 . This current pulse is
located just above the Earth’s surface on the equator at longi-
tude 47 .

VI. GLOBAL VALIDATION RESULTS

Following the same procedure as in [22], the surface radial
-field is recorded at observation points and on the Earth’s

surface at the equator directly East and West of the source at
1/4; of the distance to the antipode, and at points and
at the equator directly East and West of the source at 1/2; of
the distance to the antipode. The propagation attenuation versus
frequency for these FDTD time waveforms is then calculated
by forming the ratio of the discrete Fourier transforms (DFTs)
of the time-waveforms.
First, we consider the case wherein the background magnetic

field is set to zero (resulting in an unmagnetized iono-
spheric plasma and, therefore, an isotropic ionosphere). Fig. 5
compares the FDTD-calculated ELF propagation attenuation
versus frequency over paths and with the analytical
results of [33]. Over the frequency range 50–500 Hz, the
FDTD-computed propagation attenuation values show close
agreement with the analytical results, and the East and West
FDTD-calculated attenuation rate are nearly identical to each
other. However, it can be seen from Fig. 5 that the slope of
the FDTD-calculated curve is slightly different from that of
the analytical results. A complete agreement is not necessarily
unexpected because the FDTD model is much more compre-
hensive than the analytical calculations by including the physics
of the magnetized ionospheric plasma in addition to the Earth’s
topography, etc. Another possibility for the slope difference is
that the ionospheric electron density and collision frequency

Fig. 6. Comparison between the FDTD-calculated ELF propagation attenua-
tion versus frequency over path for both the isotropic and anisotropic iono-
sphere cases and the analytical results.

profiles employed in the FDTD mesh are not sufficient or
general enough to agree with the analytical attenuation rate.
Next, the background magnetic field is set to the geomag-

netic field (resulting in a magnetized ionospheric plasma and,
therefore, an anisotropic ionosphere). Initially, this global mag-
netized ionospheric plasma algorithm is employed at altitudes
above 60 km. However, the code is found to be unstable after
about 7,000 time steps, despite utilizing double precision. This
instability is believed to be caused by the accumulation of errors
resulting from being significantly greater than unity [21]
at low altitudes, where is the particle collision frequency. One
option to remedy this problem is to lower the time step so
that is always less than unity. However, this would require
a time step at nearly 100 times smaller than that permitted by the
Courant limit, resulting in a tediously long simulation run-time
even with today’s advanced super-computing capabilities. In-
stead, by raising the interface between the isotropic ionosphere
and magnetized ionospheric plasma from 60 km to 80 km, the
code is found to be stable because at and above 80 km, is
always less than unity.
Fig. 6 illustrates comparison between the FDTD-calculated

ELF propagation attenuation versus frequency over path as
calculated from the global Earth-magnetized ionosphere model.
Also shown in Fig. 6 are the path AB isotropic ionosphere re-
sults of Fig. 5 and the analytical results. In Fig. 6, there is very
close agreement between all three curves, and the slopes of the
path AB isotropic and anisotropic ionosphere FDTD results are
nearly identical.
Note that the advantage of the model developed herein is not

that it can provide results on the fly, especially when run in the
future at even higher resolutions and to higher altitudes. For
example, at the present resolution, running this model on 64
processing cores for about time steps requires about
48 h.
Instead, the advantage of this model is that it provides a very

comprehensive physics analysis for EMwave phenomena in the
Earth-ionosphere system while accounting for the highly com-
plex geometry and position-dependent properties of the Earth-
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ionosphere system. Indeed, at higher frequencies, this model
could represent a paradigm shift from ray-tracing calculations
that provide only an approximation of the dominant path of
energy flow and its characteristics through the ionosphere, to
full-vector Maxwell’s equations solutions of EM propagation
not only through the highly complex ionosphere, but also of the
complex scattering and diffraction of those waves as they reach
the Earth’s surface and/or satellite antennas.

VII. CONCLUSION AND ONGOING WORK

A new global FDTD model of the Earth-ionosphere system
accounting for the magnetized ionospheric plasma has been pre-
sented. In addition to a local validation study of the latitude-lon-
gitude FDTD plasma model that demonstrates correct calcula-
tions of electromagnetic propagation in magnetized plasma, a
global validation study has also been performed for calculating
the propagation characteristics at ELF frequencies.
Naturally, by accounting for more physics, the computational

demands of this model are larger that the global model having
only an isotropic conductivity profile. New variables have
been introduced, new coefficients for the and updates must
be stored, and more spatial averaging and updating calculations
must be performed at each time step. This may limit the feasi-
bility of extending the newly created model described in this
paper to significantly higher altitudes and higher frequencies
unless a very massively parallel computing cluster is utilized.
On the other hand, computational resources over the past sev-
eral decades have improved dramatically, providing a means to
progress from 2-D Earth-ionosphere models to fully 3-D global
Earth-ionosphere models within a 5-year time span, and now
after 6 years to 3-D global Earth-ionosphere models that ac-
commodate the magnetized ionospheric plasma. As such, we
expect that even global simulations of EM propagation at fre-
quencies approaching those used for high-frequency communi-
cations, over-the-horizon radar, and possibly even satellite com-
munications is likely to become routine using FDTD in the fu-
ture. Also, this model even opens up the possibility of modeling
both the high-power, high-frequency HAARP transmitter along
with the induced low-frequency EM wave propagation within a
single, self-consistent model.
The new global models described herein thus represent a par-

adigm shift from ray-tracing codes that have been favored for
many decades but that provide only an approximation of the
dominant path of energy through the ionosphere. FDTD can pro-
vide in a single, self-consistent model the full-vector Maxwell’s
equations solutions of EM propagation not only through the
highly complex ionosphere, but also of the complex scattering
and diffraction of those waves as they reach the Earth’s surface
and/or satellite antennas.
Further, accounting for the magnetized plasma paves the way

for coupling the FDTD Maxwell’s equations models to other
geophysical models, such as Naval Research Lab’s SAMI 3
[20], in order to create a multiphysics simulator. In fact, this
work is ongoing in the research lab of the authors.
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