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Abstract—An effective absorbing boundary condition (ABC)
based on the second-order approximations of Engquist and
Majda’s wave equations is presented for terminating three-dimen-
sional finite-difference time-domain (FDTD) models employing the
E-J collocated magnetized cold plasma algorithm. Numerical tests
demonstrate that this ABC can effectively terminate magnetized
plasma models involving arbitrary and spatially varying directions
of the background magnetic field, a capability that is not provided
by the recently developed KPML or NIMPML for magnetized cold
plasma. This new capability will permit implementation of the
Engquist and Majda-based ABC of this letter into localized and
particularly global FDTD models of the Earth–ionosphere system
involving varying directions of the magnetic field throughout the
grid. An accuracy and stability analysis of this ABC is presented.
Reflection errors are shown to be consistently less than 5% for
various magnetic field directions and for magnetized plasmas
having different electron densities by incorporating the phase
velocity calculated at the center frequency of the source spectrum
into the ABC formulation.

Index Terms—Absorbing boundary conditions (ABCs), electro-
magnetic propagation in plasma media, finite-difference methods,
ionosphere, plasmas.

I. INTRODUCTION

T HE FULL-VECTOR Maxwell’s equations finite-differ-
ence time-domain (FDTD) [1] method has been applied

to modeling a variety of electromagnetic wave propagation phe-
nomena in the Earth–ionosphere system [2], [3]. For example,
local two-dimensional (2-D) as well as global three-dimen-
sional (3-D) FDTD simulations have been generated to simulate
propagation from lightning strikes, Schumann resonances, re-
mote sensing of ionospheric disturbances, and remote sensing
of oil fields [2], [3].

In 2006, a 2-D E-J collocated magnetized cold plasma FDTD
algorithm [4] was developed for efficient modeling of electro-
magnetic wave propagation at higher frequencies and altitudes
in the ionosphere than isotropic conductivity profiles previously
permitted [2], [3]. This model was subsequently extended to 3-D
in 2009 [5]. In order to model local regions of the Earth, or to
model unbounded problems in the radial (vertical direction) on
a global scale, the ionospheric FDTD plasma models of [4] and
[5] require an appropriate absorbing boundary condition (ABC).

Currently, the most efficient and commonly used ABC for the
FDTD method is the perfectly matched layer (PML), initially
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introduced by Berenger [6] in 1994. Its original split-field for-
mulation and various later reformulations, such as the uniaxial
PML (UPML) [7], the convolutional PML (CPML) [8], and the
NPML [9], provide orders-of-magnitude lower reflections and
other advantages [1] over previous versions of ABCs. However,
the application of the standard PMLs has been limited to sit-
uations wherein the group and phase velocities of the incident
wave are aligned in the same direction. When this is not the
case, the traditional PML (as well as CPML, as confirmed by
the authors) ceases to attenuate the field and can in fact act as an
amplifier [10]–[12]. This is inherent in the PMLs and is not im-
plementation-specific [12]. This poses a problem for modeling
wave propagation in anisotropic media, such as whistler-mode
waves in magnetized cold plasma.

To address this issue, Cummer [12] derives a modified PML
solution for the negative index material (NIM) referred to as the
NIMPML, which is an adaptation of the previous NPML [9].
However, this method requires the simulated material to have a
homogeneous permittivity and permeability ( ), which is
hardly the case for the ionospheric plasma medium that varies
with both altitude and spatial position around the Earth. More
recently, Chevalier et al. [10] presented a new PML formulation
in 2006 referred to as the KPML which explicitly utilizes infor-
mation on the -vector direction of incident waves. Numerical
tests in [10] demonstrate that KPML does not perform as well
as the traditional CPML in open free-space problems, but it is
stable and attenuates outgoing waves well for a case of whistler
wave propagation in magnetized plasma media. However, the
KPML can only be used as an effective ABC for dense mag-
netized plasma when the electron cyclotron frequency is much
smaller than the plasma frequency. This is not the case for the
lower region of ionosphere. Moreover, the KPML algorithm is
based on a single orientation of the background magnetic field
relative to each side of the FDTD grid and, as such, is not suit-
able for simulations involving spatially varying magnetic field
directions such as for global modeling of the Earth–ionosphere
system.

Considering these issues relating to the application of PMLs
to magnetized plasma, we consider Mur’s ABC [13] as an
alternative. Unfortunately, it is known that the original Mur’s
ABC can exhibit an early-time instability for certain modeling
scenarios as discussed in [14] and [15], and this includes mag-
netized plasma problems as we have found through numerical
tests. To solve this issue, Zhang and Wang [14] present a
different discretization scheme of the Engquist and Majda’s
second-order ABC equations [16], which they claim is stable.
However, we find through longer numerical tests that the
early-time instability of [13] is simply replaced by a late-time
instability in [14].
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In this letter, we investigate the feasibility of a variation of the
Zhang and Wang’s scheme [14] to serve as an effective ABC for
the 3-D FDTD magnetized cold plasma formulation of [5]. We
choose to start with this scheme despite its inherent late-time
instability because it has the potential to provide an acceptable
level of error regardless of the direction of the background mag-
netic field, a capability not provided by KPML. We then present
a simple but very effective way to further delay the late-time in-
stability of this magnetized plasma ABC.

II. FORMULATION

The Engquist and Majda’s second-order ABC equation [16]
along the outer boundary of a 3-D Cartesian FDTD lattice
can be expressed as

(1)

One can also easily obtain the expressions for other outer
boundaries. denotes the scalar field components located at
the outer boundary, and is the wave phase velocity, which is
initially set to , the velocity in free space. By central- differen-
tiating the partial and second-order time and spatial derivatives
of (1) at time-step and at the spatial locations one-half grid
cell inside the boundary, one can obtain the well-known
second-order Mur’s ABC. In this letter, by utilizing a different
discretization scheme of (1) than that utilized in [14], we derive
the ABC expression of [14] as detailed below (that is, a different
approach from the so-called upwind-difference scheme of [14]
is utilized, but we arrive at the same final form of the equation).

First, around time-step and spatial location
can be Taylor-expanded as

. The first-order finite-dif-
ference approximation of the space derivative can then be ob-
tained as .
Applying this approximation to both the spatial and time
derivatives for the first term of (1), we obtain the following:

(2)

Next, the central-difference scheme is applied to the last three
second-order time and spatial derivatives of (1) at time-step
and the plane. Equation (1) can now be expressed as

(3)

By moving the field components of time-step and to
the right-hand side, (3) is rewritten as

(4)

As mentioned earlier, this ABC formulation exhibits a late-
time instability that is improved over the early-time instability of
the traditional Mur’s ABC for magnetized plasma. Thus, to fur-
ther delay the start of this late-time instability, we intentionally
multiply the newly updated field components along the ABC
boundaries each time-step by a stability control factor slightly
less than 1.0. Then, (4) is re-expressed as

(5)

wherein yields the original ABC (4). It is expected
that this multiplication factor will increase the level of reflection
from the boundary, but it will further improve the stability (in
the extreme case, yields a PEC boundary wherein all the
wave are fully reflected, but the algorithm is completely stable).

Equation (5) is the final ABC expression for the
boundary. It is used to terminate the magnetized cold plasma
in the numerical studies of Section III. The ABC formulations
for all other outer boundaries can also be derived similarly.

III. NUMERICAL RESULTS

The performance of our ABC scheme is first evaluated by
testing the reflection error in a 100 100 100-cell FDTD grid
having an -directed electric dipole source at its center with a
Gaussian-modulated sinusoidal waveform

, where s, , and
MHz is the center frequency of the source. The lattice

space increments in each Cartesian direction of the FDTD grid
are m, the time-step is 0.97 times the
Courant limit [1], and the stability control factor is . The
plasma medium has an electron density of m ,
which corresponds to the ionosphere at an altitude of about
90 km. A static background magnetic field of T of
various orientations is applied to the plasma to approximately
mimic the magnetic field of the Earth. Without loss of gener-
ality, the field component is probed at a point in the same

plane as the source and three cells from the outer -boundary.
The relative reflection error of the ABC at
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Fig. 1. Reflection errors for different magnetic field directions applied to the
plasma. (a) � � � � � T, � � �� � �� T. (b) � � � � �� T,
� � � � � T for � � � ��, and � � ��� �� T, � � � � � T
for � � � ��. (c) � � � � ��� � �� T, � � ������� �� T.
(d) Same magnetic field as in (c) applied to Mur’s ABC.

time-step and grid location is then calculated by the
method detailed in [1] and defined as

where is the electric field value recorded at the
probing point, and the reference solution is ob-
tained from a sufficiently large benchmark grid having no re-
flected signals from the grid boundaries at the probing point over
the time-stepping span of interest. The maximum amplitude of
the reference fields over all time-steps at grid location
is denoted as .

Fig. 1(a)–(c) illustrates the numerical results of the relative er-
rors for different applied magnetic field directions. In Fig. 1(a),
a -directed magnetic field is applied to the plasma (

T and T). In Fig. 1(b), an -directed
magnetic field is applied to the plasma in the upper half of the
grid ( , T and T)
and a -directed magnetic field is applied to the plasma in the
lower half of the grid ( , T
and T), where is the maximum number
of grid cells in the -direction. In Fig. 1(c), a magnetic field
with 45 codip and Azimuth angles is applied to the plasma
( T and T).
For all the cases depicted in Fig. 1(a)–(c), the reflection errors
are seen to be less than 5%, clearly demonstrating the ABC’s
capability to provide the same approximate level of error regard-
less of the applied magnetic field direction.

Next, to evaluate the newly derived ABC’s performance com-
pared to the original Mur’s ABC, the same simulation param-
eters of Fig. 1(c) are repeated with the original Mur’s ABC.
Fig. 1(d) shows that the maximum reflection error for the case
of the original Mur’s ABC is also around 5%, as for the ABC
of this letter.

Fig. 2. (a) Dispersion diagram for a low-density plasma (� � ���� �
�� m ). (b) Dispersion diagram for a high-density plasma (� �

	���� �� m ). (c) Source wave spectrum.

In Fig. 1, we performed accuracy studies of the ABC at a
relatively low altitude ( 90 km) of the ionosphere (therefore
a relatively low-density plasma). To study the ABC’s perfor-
mance at higher altitudes (more dense plasmas), the same sim-
ulation of Fig. 1(a) is repeated for progressively larger electron
densities . We find through a series of tests that the max-
imum reflection error remains at the same level in Fig. 1(a)
until the electron density is increased to a level such that
the center frequency of the source becomes near to the crit-
ical cutoff frequencies of the plasma. For example, Fig. 2(c)
illustrates the source spectrum employed in all of the numer-
ical experiments of this letter. Fig. 2(a) shows the dispersion
diagram (wavenumber versus wave frequency) for the case of
Fig. 1(a) (a low-density plasma with m
corresponding to an altitude of 90 km), and Fig. 2(b) shows
the dispersion diagram for a higher-density plasma with

m (corresponding to an altitude of 400 km).
The dotted lines of Fig. 2(a) and (b) represent the dispersion

relation of the left-hand circular polarization wave (L-wave),
and the solid lines represent the dispersion diagram of the right-
hand circular wave (R-wave). We note that according to Fig. 2,
as is increased from 1.86 m to 4.85 m , the
source begins to have substantial spectrum below the cutoff fre-
quencies of the L- and R-waves. This causes the portion of the
source spectrum below 2.1 MHz to change from propagating
modes as in the case of Fig. 2(a) to nonpropagating modes as
in the case of Fig. 2(b). More importantly, though, closer to the
cutoff frequencies, the phase velocity is increased. As a result,
because a velocity of corresponding to free space has been as-
sumed for the ABC, the reflection error increases from 5% as
in Fig. 1(a) to 6% as shown in Fig. 3(a) for the same scenario
except for having increased . To improve the accuracy, in-
stead of using the free-space speed for in equation (6), the
phase velocity in the plasma at the source center frequency
is utilized, resulting in a value of . Fig. 3(b) presents
the results using , and as expected, the maximum
reflection error is now reduced to 4.5% from the 6% of
Fig. 3(a).
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Fig. 3. Reflection errors for a dense plasma (� � ���� � �� m ).
(a) Phase velocity � of the ABC assumed as free-space speed �. (b) � � �����.

Finally, numerical simulations have been conducted to test
the ability to further delay the start of the late-time instability
using the control factor . For these tests, the plasma and mag-
netic field parameters are the same as for Fig. 1(a). For the case
of no stability control ( ), the instability starts around

5000 time-steps. For the case of stability control ( ),
the algorithm remains stable through 9000 time-steps. As a
comparison, the early-time instability introduced by the orig-
inal Mur’s ABC occurs at 1000 time-steps.

As mentioned earlier, we expect that applying a stability con-
trol factor will increase the reflection error. In fact, the orig-
inal 5% error provided by the case of Fig. 1(a) is in-
creased here to 6% for the case. On the other hand,
the simulation is now stable for nearly double the number of
time-steps. Thus, to use the control factor effectively in general
modeling scenarios, a value for should be carefully chosen on
a case-by-case basis to provide the proper balance between con-
trolling the instability and the need for better accuracy.

IV. CONCLUSION AND ONGOING WORK

We have discretized the Engquist and Majda’s second-order
wave equations using a variation of the approach utilized by
Zhang and Wang [14] to serve as an ABC for FDTD grids em-
ploying the 3-D E-J collocated magnetized cold plasma algo-
rithm [5]. We have demonstrated that reflection errors can be
maintained to be less than 5% along the boundaries by utilizing
the phase velocity in the magnetized plasma calculated at the
center frequency of the source spectrum in the ABC formula-
tions instead of the original free-space velocity preassumed
in Engquist and Majda’s second-order wave (1). Moreover, we
have introduced a technique to further delay the late-time in-
stability of the algorithm of [14] by a factor of about two. A
very important advantage of this method over the KPML is that
it performs well for spatially varying magnetic field directions
of a magnetized plasma. This is a very important characteristic
for ionosphere modeling, particularly for global modeling of
electromagnetic wave propagation that includes varying direc-
tions of the geomagnetic field throughout the grid, and includes
a wide range of plasma parameters at different positions and
altitudes.

Ongoing work includes applying the ABC developed here
to the upper radial direction of the latitude–longitude [17] and
geodesic [18] global FDTD models of the Earth–ionosphere
system. The 3-D ABC of this letter may also be utilized to gen-
erate localized 3-D Earth–ionosphere system models.
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