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ABSTRACT

This paper presents hypergraph partitioning based camnisttecomposition procedures to guide Boolean Satisftgitsgarch.
Variable-constraint relationships are modeled on a hypptyand partitioning based techniques are employed tontiease
the constraints. Subsequently, the decomposition is aedlfo solve the CNF-SAT problem efficiently.

An important aspect of CNF-SAT search procedures is to degiv ordering of variables to guide constraint resolution.
Most conventional SAT solvers [1] [2] [3] employ variabletizity based branching heuristics to resolve the constsaiRe-
cently, tree-decomposition techniques, borrowed fronstaint satisfaction problems, have been employed to eegdviable
orderings to guide SAT diagnosis. Even though these teaesigrovide good variable orders for some SAT instances, the
computational complexity makes them impractical for soiMiarge and hard CNF-SAT problems. To overcome this linoitat
this research advocates the use of hypergraph partition@tgods to decompose the constraints. This decompositggests

a good variable order for SAT search.

The contributions of this research atwo-fold 1) to engineer a constraint decomposition technique ubiyyergraph
partitioning; 2) to engineer a constraint resolution metbased on this decomposition. Preliminary experiments/shat
our approach is fast, scalable and can significantly inerd@sperformance (often orders of magnitude) of the SATrengi
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I. INTRODUCTION connected partitions which suggests a variable orderingrae

Contemporary SAT solvers have matured over the yea[’g gwdg SAT dlagn05|§. T.he-\./arlab!e order Qerlved through
tpe partitioning results in significant increase in perfanoe

and come a long way from the DPLL-based chronologici ‘ q ‘ tude) of the SAT ) o h
backtracking procedures of Davis-Putnam (DP) [4] and Davi often orders o mag'?”?‘ €) ° the engine. Ur approac
Is fast and scalable; it is a viable alternative to conterapor

Logemann-Loveland (DLL) [5]. Recent approaches [3] [1] [2]"." ) " . .
etc., employ sophisticated methods such as constraimapro;gnm'm_u_m'\'\”dth tree qecomp03|t|on techniques in the contex
gation and simplification, conflict analysis, learning arhn of deriving a good variable order for SAT search.
chronological backtracks [3] [1] [2] to efficiently analyzad
prune the search space.

An important aspect of CNF-SAT is to derive an ordering of
variables to guide the search. The order in which varialaled (  First, let us analyze the effect of hypergraph partitionimg
correspondingly, constraints) are resolved significaintiyacts the given SAT problem. The given SAT problem in standard
the performance of SAT search procedures. Most convertiodalMACS CNF formulae is converted into a hyper-graph, where
SAT solvers [1] [2] [3] employ variable-activity based bcim  variables are represented as hyper-graph edges and cireses
ing heuristics to resolve the constraints. Activity of aishle modeled as vertices. A balanced min-cut bi-partitioningps
is its frequency of occurrence among the constraints. Forplied. We use the state-of-the-art hypergraph partitionl to
comprehensive review of the effect of activity based bramgh hMeTiS [13] and port it towards our problem of interest. To
strategies for SAT solver performance, refer to [6]. search for SAT solutions, we use a modified version of the

Constraint partitioning and minimum-width tree decomposizCHAFF SAT solver [1]. Figure 1 depicts the resulting parti-
tion schemes have been investigated in the context of @nstr tioned sets of constraints. The variables that connect jath
satisfaction problems [7] [8]. Recently, such approachm&h titions are termed asut-set variables These variables corre-
also found application in DPLL-based CNF-SAT search [9][10spond to clauses that appear in different partitions. The tw
[11][12]. Above approaches analyze and exploit the vagiabl partitions are termed d€£FT andRIGHT partitions.
constraint relationship to derive a variable order for @ffit Once the original constraint set has been partitioned wdg t
SAT search. However, the computational complexity (expene we need to derive a technique to solve the SAT problem for the
tial) of the proposed algorithms results in large computees  respective partitions. Moreover, the solution obtainearfin-
to search for the variable order. As aresult, these teclesigte  dividual partitions needs to be reconciled with the othethé
impractical for solving large/hard CNF-SAT problems [10]. number of cut-set variables is very small, then we can make

Research Contributions: This paper proposes hypergraphassignments to these variables and solve the partitioepérd
partitioning based SAT search procedures that attemptdo ovdently. However, in the worst-case it would require an exgnn
come the practical limitations of the above approachesedns tial number of assignments to the cut-set variables (backs).
of relying on the fine-grained (and hence computationalmco We have observed from our preliminary experiments that, in
plex) minimum-width tree decomposition procedurdss re- most cases, the number of cut-set variables is relativetyela
search advocates the use of hypergraph partitioning methodherefore, such a brute-force technique is inefficient. roheo
[13] to decompose the constraints. Subsequently, thisrdecoto solve the partitioned SAT problem efficiently, the “ptotn-
position is analyzed to solve the SAT problem efficiefiyen ing statistics” need to be analyzed further.
though our approach does not directly derive a minimum+widt During the course of these experiments, we made an inter-
tree decomposition, results show that SAT search can b#-sigresting observation related to the activity statistics ef¢ht-set
icantly expedited using our hypergraph partitioning baspd variables. Recall that thectivity of a variable is defined as the
proach. Moreover, we show that our technique is robust arfrlequency of occurrence of the variable among clauses. SAT
scalable and can handle a large set of variables and canistraisolvers compute the activity of variables and perform tkece
- where contemporary tree decomposition methods take undmy case-splitting on variables of high activity. Contengogr
ceptably long time. tools such as zCHAFF, BerkMin, etc. dynamically update the

The goals of this research argo-fold: 1) to engineer a con- activity of the variables as and when conflict clauses areddd
straint decomposition technique using hypergraph paniitig; to the original constraints. In our experiments, we obsgrve
2) to engineer a constraint resolution method based on ¢his dhat the variables having higher activity formed the cut-g¢e
composition. First, we propose a novel tri-partitioningtieé  analyzed the reason why the cut-set variables have high acti
constraints and derive a procedure to resolve the contstaiin ity. This can bantuitively explained as follows: High activity
erarchically. Sub-problems within the partitions are hestby variables appear in a larger number of clauses. Balanced bi-
propagating the constraints across partitions. We exmggrm partitioning distributes these clauses (containing higtiviy
tally analyze and comment on the efficacy of our approach. Thariables) across the partitions. Therefore, high agtivéri-
conclusions derived from these preliminary experimentsi-mo ables form the cut-set, whereas the low activity variables a
vate ayet another iterative constraint decomposition schemegrouped within respective partitions. It is important tgiethe
In this approach, the constraints are decomposed in a cliainsgarch by making assignments to variables of high actigy [

II. CONSTRAINT DECOMPOSITION VIAHYPERGRAPH
PARTITIONING
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Fig. 1. Balanced bi-partitioning Fig. 2. Tri-partition: Subproblem with high activity vahikes extracted from the bipartition

[1]. This implies that the cut-set variables should be th&t fir Note that original zZCHAFF takes significant amount of
choice for case-splitting. Keeping this in mind, we propase search time to find a solution to the FPGA routing problems.
tri-partitioning scheme to solve the partitioned SAT problem. On the other hand, using our partitioned approach, we hase be
able to solve these benchmarks within one second inclutimg t
A. Tri-Partition Derived from Balanced Bi-Partition time to partition and time to backtrack between partitidiew-
ever, the performance of our technique on UNSAT instances is
poor when compared to the monolithic SAT technique. Even

V'?USIy derlvedbalan((j:-edb|parrt]|t|on as follovys.t)lThe vertu:des the small Urg31 benchmark cannot be solved in less than 1000
(clauses) corresponding to the cut-set variables are atetia seconds. Why is it that the partitioning scheme does not pro-

from both the partitions (LEFT and RIGHT) and are coIIecteq,ide good results for UNSAT problems? We analyzed the re-

togethe.r to. form a third partition (called TOP partition) 3S5ults and inferred that solving TOP partition independeat!
shown in Fig. 2. As a result, the extracted subproblem Co{’/\'/ays provides a partial solution that cannot be reconciligd w

responds to clauses with high activity variables. Moreoter LEFT and RIGHT partitions. As a result, our approach require

LEFT and RIGHT partitions have no directly connecting hypera large number of backtracks between partitions (BBP) to@ro
edges. We propose the following method for solving SAT o

he ab derived tri . I?Jnsatisfiability. Also, we have observed that for the UNSAT i
the above derived tri-partition structure. stances, BBP increases exponentially with the variablg©R

1. The TOPPARTITION CNF formulae are first given to the partition.

SAT solver. . . N _ . Recall that our tri-partition was derived from a balanced bi
2. If the solution to this partitioned sub-problem isldnsatis- partition. A balanced bi-partition resulted in a large nemb
fiableinstance, then the original problem is also Unsatisfiable o ¢ t-set variables. Our tri-partitioned approach baas on

3. If a solution to TOP partition is found, then LEFT andhe assignments made to these variables. One way to overcome
RIGHT partitions are both constrained with the assignments this problem of exponential BBP is to reduce the number of
the their respective cut-set variables. Subsequentlygtlated  ¢t-set variables by unbalancing the partitions. We have pe
LEFT partition is given to the SAT solver. _ formed experiments by unbalancing the partitfong/e found

4. Ifthe solution to LEFT partition is found, the search &18- {4t while unbalanced partitioning improves the perforgean
ferred to RIGHT partition. If a solution to RIGHT partitios i o yNSAT instances: however, it degrades the performance on

also found, then the original problem is satisfiable. ~ SAT instances. We analyzed the reason for such a behaviour,
5. If a solution is not found for the updated constraints ifynich is elaborated below.

LEFT/RIGHT partition, then the search backtracks to TOR par \ynen the partitioning is unbalanced, the bi-partition set-

tition and gdds a conflict induceq clause correspondingeo thy generally formed by low-activity variables and the cetsize
cut-set variables. For example,df= b = 1 was the assign- 55, reduces. The proposed tri-partitioned SAT procedave n
ment to the cut-set variables, Wh'ch .resulted In-an U.NSAT Ncase splits on these low activity variables first. This rssin
stance for LEFT and/or RIGHT partition, then a conflict claus poor performance for SAT instances. On the other hand, for

a’+ V' is added to the TOP partition, and the search is restartegl, | NSAT instances, because of the reduction in cut-set siz
6. This procedure of backtracking between partitions (BBP) ¢ packiracking between partitions also decreases. Héree
repeated until: i) a solution is found; or ii) TOP partitior-b speed-up for UNSAT instances

comes an UNSAT instance, in which case the problemis unsat-Another way to analyze the above issue is that of variable

isfiable. ordering for SAT search. Our approach of partitioning the-co
Some results are presented in the Table, which is shown #raints results in anrderin which the constraints (and corre-

Fig. 3. In the table, column “LEFT/RIGHT" corresponds tospondingly, variables) are resolved. Therefore, the alsave

the balanced bi-partition statistics, i.e., the numbetafises in  periments motivated us to ask this question: Can the abave pa

corresponding partitions. Column “TOP Vars/Clauses” €orT titioning scheme be extended in such a way so as to derive an

sponds to the Variables/Clauses in the subsequently &tacordering of variables to guide SAT diagnosis? This quesion
TOP partition. The FPGA routing benchmarks are SAT in-

stances, whereas the Urquhart problems are UNSAT instances The results are omitted due to space limitations.

In this experiment, a third partition is created from the-pre
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Fig. 3. SAT solving on Tri-partitioning based decompositio CuT-sET

Bench- Vars/ zCHAFF Part. LEFT/ TOP Vars/| BBP Total

mark Clauses (sec) Time(s) | RIGHT Clauses Time (s)

fpgal29 162/684 | 1591.44 | 0.262 | 342/342| 54/399 1 0.787

fpgal310 | 195/905 | >1000 0.289 | 452/453| 66/529 1 1.284

fpgal3d12 | 234/1242| >1000 0.395 | 621/621 791753 1 1.329

Urg3.1 43/334 47.51 0.178 167 /167 17/320 32768 | 1027.1

Urg3.10 371236 3.85 0.106 118/118 15/230 8192 55.189 LEVEL-2 CONNECTIVITY LEVEL-2 CONNECTIVITY

Fig. 4. Analyzing Clause-Var Dependencies
answered in the following section. IV. EXPERIMENTAL RESULTS AND ANALYSIS

The above approach has been programmed as an algorithm

[Il. TREEDECOMPOSITION BASED ONHYPERGRAPH which is integrated with bothMETIS [13] and zCHAFF [1].

PARTITIONING: A VARIABLE ORDER FORSAT SEARCH  Experiments were conducted over a wide range of satisfiable,
as well as unsatisfiable benchmarks from: (i) Miter circuits
(UNSAT instances); (i) FPGA routing benchmarks (SAT)i) (ii
Urquhart problems (UNSAT); (iv) Velev's micro-processery
ification benchmarks (UNSAT). The results are analyzedwelo

TABLE |
COMPARISON OF OUR PARTITIONING TIME WITH ORIGINAL ZZHAFF
RUNTIME, AMIR’S AND MINCE’ S PARTITIONING TIME

ACTIVITY <_|_|_ Bench- Vars/ ZCHAFF | Amir MINCE Ours
. mark Clauses solve Part. Part. Part.

time(s) | time(s) | time(s) | time(s)
LEVEL -n PARTITION c267Qopt 252776438 1.48 16.54 8.23 1.15
c354Qopt | 3431/9262 20.57 23.66 13.95 1.42

cb3150pt | 4992714151 34.62 54.56 25,51 1.25

c75520pt | 5466/15150 | 105.97 71.30 24.43 1.76

4pipe 5237/80213 111.2 505.83 93.1 13.84
S5pipe 9471/195452| 167.22 | >2000 | 267.2 38.40

TOP
PARTITION

\0 P Q

ACTIVITY

CLAUSES

LEVEL-:
CONNECTIVITY
VARIABLE

Fig. 5. Fully decomposed SAT problem

The importance of branching on high active variables for SA
is well known [6] [1] [2], and it is also observed in our preum First, we compare the time required to derive the variable or
experiments. Moreover, partitioning based constrainbltes der by our approach with contemporary partitioning based ap
tion highlights the importance of analyzing constrainti@ale  proaches - that of Amiet al. [8] and MINCE [12]. Some re-
dependencies. Therefore, we extend our partitioning sehersults for the larger and harder-to-solve CNF-SAT instarares
by iteratively decomposing the constrairitg analyzing both presented in the Table I. As it can be observed from the table,
variable activity along with their constraint dependenchhe in order to derive the variable order both Amir's and MINCE
resulting tree-like decomposition provides a variableeorfdr  approach suffer from long compute times - much longer than
guiding CNF-SAT search. Our procedure is explained below. the default SAT solving time. In contrast, our approach can

As shown in Fig. 2, a top-level partition is created by extrac derive the variable order much faster than the other twos Thi
ing the clauses corresponding to the cut-set variables.fiksta clearly demonstrates the computational limitations ofteon
step, these (bi-partition) cut-set variables are ordecemra- Pporary methods; as such Amir's and MINCE approach are too
ing to their activity and stored in a list (vard_list). The SAT expensive to be applicable for large CAD problems.
tool will branch on these variables first. Note that, the skmu ~ Table Il demonstrates that the variable order derived by our
in top-level partition also contain a set of variables, otihan technigque results in significant speed up (orders of madaitu
those of the cut-set, which correspond to the first level of-co in many cases) over the one conventionally used by zCHAFF.
nectivity among constraints. This is shown in Fig. 4 &v/EL- It is clearly seen from the table that the run times (decompo-
1 CONNECTIVITY. Subsequently, the clauses correspondingition time + solve time) of our proposed approach are signifi
to the LEVEL-1 CONNECTIVITY VARIABLES are extracted to cantly smaller than that of original zZCHAFF SAT solver, even
form the next level of partition. Again, theseelEL-1 con-  for the larger and more difficult instances. As compared ig-or
NECTIVITY VARIABLES are ordered according to their corre-inal ZCHAFF, our results show consistent improvementsén th
sponding activity. To break ties, Level-1 connectivityistes number of decisions as well as implications made by zCHAFF
are ordered according to their activity within the Leveldrp using the decision order derived by our proposed method.
tition. This subset of ordered variables is appended toithe | In order to show that our technique can significantly improve
(var.ord.list). Repeating the above procedure, results in a fullthe performance of any DPLL-based SAT engine, we ran the
decomposed tree as shown in Fig. 5. Thisest list provides same set of experiments with the MiniSAT solver [14]. The
an order for SAT search. results are presented in the last two columns of Table II.
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TABLE Il
RUN-TIME COMPARISON OF OUR PROPOSED APPROACH WITHZHAFF/MINISAT
Original zCHAFF Modified zCHAFF MIniSAT
Bench- Vars/ Time Deci- Implica- Partition Solve Total Deci- Implica- Orig- Modi-
mark Clauses (sec) sions tions Time(s) | Time(s) | Time(s) sions tions inal fied
fpgal28 144 /560 244.42 | 279,070 5,749,638 0.173 0.41 0.583 5,674 95,031 0 0.01
fpgal29 162 /684 >1000 — — 0.199 1.13 1.329 14,095 295,693 0 0.02
fpgal21l 180/ 820 >1000 — — 0.278 3.46 3.738 26,521 433,912 0 0.02
fpgal212 198/968 727.44 | 455,458 7,846,633 0.02 0.288 0.3 1,679 16,670 0 0.01
fpgal310 195/905 >1000 — — 1.14 0.231 1.371 12,949 219,829 0.05 0.03
fpgalll12 23471242 >1000 — — 0.06 0.353 0.413 2,250 32,698 0 0
Urg3.1 43/334 112.05 | 1,053,197 | 12,730,779 0.102 7.81 7.912 174,977 1,109,054 125 9.91
Urg3.4 36/220 0.07 6,098 38,021 0.083 0.08 0.163 4,837 45,992 0.17 0.2
Urg3.9 371236 3.37 80,290 1,025,862 0.076 1.68 1.756 41,869 351,605 0.54 0.69
Urg3.10 371236 3.37 80,290 1,025,862 0.076 0.93 1.006 25,012 173,403 0.53 0.27
c88Q.opt 77072126 1.13 16,911 812,548 0.362 0.33 0.392 11,477 432,012 0.53 0.63
c13550pt 1006 / 2954 13.62 98,931 8,560,559 0.549 0.46 1.009 14,659 631,135 0.37 0.76
c19080pt 1895/5023 1.67 20,014 263,4902 0.9 0.82 1.72 14,053 1,508,262 1.53 1.32
c267Qopt 252716438 1.48 45,713 1,921,714 1.15 1.38 2.53 53,150 1,993,412 11 1.16
c354Qopt 343179262 20.57 74,325 16,600,030 1.42 22.22 23.64 83,304 18,984,371 || 40.04 26.5
c53150pt 4992 /14151 34.62 136,531 | 19,829,630 1.25 13.35 14.6 128,008 | 13,129,260 || 56.65 | 24.32
c75520pt 5466 /15150 || 105.97 | 384,776 | 42,128,278 1.76 39.7 41.46 257,514 | 25,418,457 || 33.96 | 48.32
3pipe 2468 /27533 1.67 32,816 1,956,556 4.27 3.27 7.54 54,194 3,402,468 6.24 3.77
4pipe 5237 /80213 111.2 471,592 | 71,488,318 13.84 74.27 88.11 415,351 | 53,194,998 || 139.57 | 55.03
5pipe 94717195452 || 167.22 | 1,773,807 | 94,373,254 38.40 86.76 125.16 | 875,782 | 46,788,886 || 68.29 | 51.15
3pipek 2391 /27405 2.52 48,902 2,796,441 3.526 2.4 5.926 43,815 2,478,836 6.73 2.81
4pipek 5095 / 79489 184.2 711,615 | 106,337,088 12.327 51.62 63.947 | 256,708 | 38,272,072 || 186.91| 91.8
5pipek 9330/189109 || 764.47 | 1,823,949 417,340,698|| 39.43 38457 | 424.0 | 1,337,479 240,184,009| >1000 | 691.42
3pipe.q0_k 2476 /25181 8.6 123,615 5,294,597 4.02 151 5.53 40,940 2,009,529 451 211
4pipe.q0_k 5380 /69072 56.83 394,973 | 51,775,049 || 13.133 24.59 37.723 | 227,948 | 26,294,080 || 48.04 | 20.15
5pipeq0k | 10026 /154409| 573.25 | 15,72,754| 374,623,438|| 37.231 | 395.39 | 432.62 | 1,754,215| 444,278,100|| 653.82 | 121.57
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