
Novi . To recap:
Given an ideal -5=4-4 .

.
- Is}

their variety VGT)
,
there exists

another ideal Icvcs)) =
the ideal of all polynomials that
vanish on Vt) .

Result : If f vanishes on VCJ)
,

then f- C- IGICJD .

JE INCH)
""""

|
€""" "

•""⇒
5--4-38%1=4,y7! f=x+y .

✗(J) = { 10,01}
f-( ✗=gy=o)= 0

f- C- ICVCJ))
.



In general, we are always given <f. . .fs>
F- < fi . .

- - fs)
. IT

generators ofJ

BIT
.

we are not given generators of IED
Given J

,
can we easily find the generators

of ICED? fNr0!Noteasy=
130--1 : over finite fields .

Fg [✗ ,
. . - Xn]

.

|IGc⇒)=To = 4×19-4,. . . . . .
.>✗f-XD

F- {fi . . - fs) = arbitrary



Application to verification :

Given a cktci
,
and a

¥=¥⇒_== specification polynomials
circuit G

' Fqfx, . . -XD .

Does ¢ implement f ?

Answer : 'G' =f ⇒ f agrees
with all

evaluations of d.

3.E÷÷÷÷÷÷:÷.÷÷÷:*.
⇐ f C- ICXCJD = J+Jo .

⇐ f c- J+Jo [
Ideal membership].

§ £ . Compute G=GBt--)={f, .
. .
.
. - ft}

⇐ f Ézr.=o ?
If r=o , f=_ C

V40, f # C EBUG in the]design



How do we know that over

Fqcx ,
. - - in]

,
ICVCT))⇒+Jo ?

* study Radical ideals .
* strong Null stelknsatz .
- ✗- ✗- .

Radical Ideals : Ideals with special properties :

An ideal
'

I
'

is radical if :

1- Take an arbitrary polynomial f
I. There exists some integer m > I

Z.fm C- I

=

1- arid
.

it also makes FEI .

Not every ideal has the property that*
it is radical

. But some ideals do .

☒ when I =/ radical, you can compute
its

radical : NE

* when I is radical, I
HIT



In the slides
,
I have given 2examples

1- Fq[✗] . 4×3×4×7 = radical

J -1 To

2- Fqcx] .

4×3>
,
is not radical

¥.

-1=5×4
,
11-5=4×7
+

F¥É-
•
= <⇒ ×⇒, 1/5+10=4×3×1×7
I I.

V'J-→ = Jt Jo



Thestrongllullstelknsatzn (SNS)
Over an algebraically closed field F-

I(¥GD=r⑥J=I⇒
Note : . F- 9ft . - .

- fs )
= given✓↳ known

.

Icu Css) = { hi . . - .hr> = V3
MI5 not easy to compute.

But over Finite fields
I.Cuts))= Jt Isvanishing

poly
4×9 -⇒

How?

& why?



Strong Null stellensatz over finite fields .

- - - - -

Let Fq [se, . . . - an] be a polynomial ring .

Let J= Gf , . . . .fs> be an ideal .

|I(YgG)=J-_s
Proof : Yg (J) = ¥- ( Jts)

⇒ ICXFGCJD = I (4--9-(3+3))
=ME [ '

SNS]

= JtTo [: Its
= radical]

⇐ to check if f-CICY-a.CH)

(⇒fE
A¥y this to ckt verification .



An intuitive explanation of why
Jt Joc Fa [×, - - - in] is radical .

Real: An ideal is radical if

II. s.t.fm C-J

⇒ f- C-J
.

Over E- x9=n . or f9=f
⇒ x÷e÷=o or f- f- =o

VÉÉO
.

¥
. Fm=q f

"
c- J

⇒ f c- J
← i

How do you
"tdl" an ideal that x9=a ?

⇒
.

include -49-⇒ in your
ideal

or ⇒ include Jo .

⇒ Jt Jo =FEI



Special cases .

⇐< ✗9-a . . - ✗9- xD
F- C- Fg [a . - - Xu]

Ice)= ? TJo=Jo
⑤ ¥ "EE

ICY ) = ICF:) = Jo

II.⇒ =If¥C%D
☒=p

=HI

a

=

-5¥



Finally I= . .fs>
,
JEAN

,
.

. - .hr>
UCF) VCI)

.

If VCI)=V(⇒
then

.

J
, mayor may not

be

equal to#

BIT VG
,)=vc⇒
⇐

**ytoa¥→=[¥p



=¥÷
Cktc , Ckt Cz .

Tgif, . . .fs> I=<B- .

.hr?Touthtableof9----LruthtableofcVFgCI) I ¥
,
(2)

⇒ 4=9-(5,1-50) = Vfj(JztJo)
Two varieties are the same
⇒ their radical ideals[ implies
are the same

1T¥ = ¥%

⇒ J
, -15-0=-5-2+50

Cas these ideals are radical) .


