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Euclidean Algorithm

Finding the greatest common divisor (gcd) of two positive integers by listing all com-

mon divisors is not practical when the two integers are large. Fortunately, more than

2000 years ago a mathematician named Euclid developed an algorithm that can find the

greatest common divisor of two positive integers. The Euclidean algorithm is based

on the following two facts (see Appendix Q for the proof): 

The first fact tells us that if the second integer is 0, the greatest common divisor is

the first one. The second fact allows us to change the value of a, b until b becomes 0.

For example, to calculate the gcd (36, 10), we can use the second fact several times and

the first fact once, as shown below.

In other words, gcd (36, 10) = 2, gcd (10, 6) = 2, and so on. This means that instead

of calculating gcd (36, 10), we can find gcd (2, 0). Figure 2.7 shows how we use the

above two facts to calculate gcd (a, b).

We use two variables, r1 and r2, to hold the changing values during the process of

reduction. They are initialized to a and b. In each step, we calculate the remainder of

r1 divided by r2 and store the result in the variable r. We then replace r1 by r2 and r2 by r.

The steps are continued until r2 becomes 0. At this moment, we stop. The gcd (a, b) is r1.  

The greatest common divisor of two positive integers is the largest integer that can 

divide both integers. 

Fact 1: gcd (a, 0) = a

Fact 2: gcd (a, b) = gcd (b, r), where r is the remainder of dividing a by b 

gcd (36, 10) = gcd (10, 6) = gcd (6, 4) = gcd (4, 2) = gcd (2, 0) = 2

Figure 2.7 Euclidean algorithm

b. Algorithm a. Process 

r1 = a r2 = b r

r

gcd (a , b) = r1 

r2r1

r2r1

0

r1 0
}

{

while (r2 > 0)

(Initialization)

gcd (a, b) ← r1

q ← r1 / r2;

r1 ← a; r2 ← b; 

 

r1 ← r2; r2 ← r;

r ← r1 − q × r2;



Extended Euclidean algorithm
d = gcd(a, b) = s × a + t × b
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In each step, r1, r2, and r have the same values in the Euclidean algorithm. The variables r1

and r2 are initialized to the values of a and b, respectively. The variables s1 and s2 are initial-

ized to 1 and 0, respectively. The variables t1 and t2 are initialized to 0 and 1, respectively.

The calculations of r, s, and t are similar, with one warning. Although r is the remainder of

dividing r1 by r2, there is no such relationship between the other two sets. There is only one

quotient, q, which is calculated as r1/r2 and used for the other two calculations.

Example 2.9

Given a = 161 and b = 28, find gcd (a, b) and the values of s and t. 

Solution 

Figure 2.8 Extended Euclidean algorithm

r = r1 − q × r2 s = s1 − q × s2 t = t1 − q × t2
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(Initialization)

(Updating r’s)

r1 ← a; r2 ← b; 

s1 ← 1; s2 ← 0;

t1 ← 0; t2 ← 1;

{

while (r2 > 0)

q ← r1 / r2; 

r1 ← r2;  r2 ← r;

r  ← r1 − q × r2;

(Updating s’s)
s1 ← s2;  s2 ← s;

s  ← s1 − q × s2;

(Updating t’s)
t1 ← t2;  t2 ← t;

t  ← t1 − q × t2;

gcd (a , b) ← r1;   s ← s1;   t ← t1
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We use a table to follow the algorithm. 

We get gcd (161, 28) = 7, s = −1 and t = 6. The answers can be tested because we have 

Example 2.10

Given a = 17 and b = 0, find gcd (a, b) and the values of s and t. 

Solution

We use a table to follow the algorithm. 

Note that we need no calculation for q, r, and s. The first value of r2 meets our termination condi-

tion. We get gcd (17, 0) = 17, s = 1, and t = 0. This indicates why we should initialize s1 to 1 and

t1 to 0. The answers can be tested as shown below:

Example 2.11

Given a = 0 and b = 45, find gcd (a, b) and the values of s and t. 

Solution

We use a table to follow the algorithm. 

We get gcd (0, 45) = 45, s = 0, and t = 1. This indicates why we should initialize s2 to 0 and t2 to 1.

The answer can be tested as shown below:

q   r1     r2     r s1      s2 s t1      t2 t

5  161   28    21   1       0     1  0       1   −5

1    28    21     7   0       1   −1  1     −5      6

3     21     7     0   1     −1     4 −5       6  −23

          7     0      −1      4        6   −23      

(−1) × 161 + 6 × 28 = 7

q r1      r2 r s1      s2 s t1      t2 t

     17        0        1         0         0        1        

(1 × 17) + (0 × 0) = 17

q r1      r2 r s1      s2 s t1       t2 t

0  0       45 0   1       0 1   0       1 0

     45       0        0       1        1       0      

(0 × 0) + (1 × 45) = 45


