
ECE 6540, Lecture 23
Karlin-Rubin Theorem Continued and
The Generalized Likelihood Ratio Test



News
 Congratulations to Supreet for passing his qualifying exam!

2



Advertisement
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Will be teaching again in Spring 2017



News
 Projects

 Posters

 Homework

 Exam
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Last Time
 Composite Tests / Detectors

 One-sided tests

 Two-sided tests

 Karlin Rubin Theorem

 Extending the Karlin Rubin Theorem to vector data
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Composite Hypotheses
 The Karlin-Rubin Theorem
 Requirement 1: One-sided problem

 Requirement 2: Data 𝑥𝑥 and parameter 𝜃𝜃 are scalars

 Requirement 3: The likelihood ratio 𝑝𝑝 𝑥𝑥;𝜃𝜃𝑎𝑎 /𝑝𝑝 𝑥𝑥;𝜃𝜃𝑏𝑏 is monotonically non-
decreasing as a function of 𝑥𝑥 for  any 𝜃𝜃𝑎𝑎 > 𝜃𝜃𝑏𝑏

 Then the uniformly most powerful (UMP) test is:

𝜙𝜙 𝑥𝑥 = �1 if 𝑥𝑥 > 𝛾𝛾
0 if 𝑥𝑥 < 𝛾𝛾

𝛼𝛼 = 𝐸𝐸 𝜙𝜙 𝑋𝑋 ;𝜃𝜃0,ℋ0
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𝛼𝛼 = 𝐸𝐸 𝜙𝜙 𝑋𝑋 ;𝜃𝜃0,ℋ0
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Note that we are fixing the 
worst-case false alarm rate

Hence, the threshold does 
not depend on ℋ1
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Composite Hypotheses
 The Karlin-Rubin Theorem
 Alternatively, we can define the uniformly most powerful (UMP) test as:

— Let 𝑡𝑡 = 𝑇𝑇 𝒙𝒙 be a sufficient statistic for the parameter under test 𝜃𝜃

𝜙𝜙 𝑡𝑡 = �1 if 𝑡𝑡 > 𝛾𝛾
0 if 𝑡𝑡 < 𝛾𝛾

𝛼𝛼 = 𝐸𝐸 𝜙𝜙 𝑡𝑡 ;𝜃𝜃0,ℋ0
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Composite Hypotheses
 The Karlin-Rubin Theorem
 Also allows us create uniformly most powerful invariant statistics tests that 

remove nuisance parameters 𝜽𝜽𝑛𝑛
— Determine the sufficient statistics for 𝜃𝜃 and 𝜽𝜽𝑛𝑛
— Determine a function of sufficient statistics g 𝑇𝑇 𝒙𝒙 that does not 

change with 𝜽𝜽𝑛𝑛 (i.e., is invariant to 𝜽𝜽𝑛𝑛)

 Let 𝑡𝑡 = 𝑇𝑇 𝒙𝒙 be a sufficient statistic for the parameter under test 𝜃𝜃

𝜙𝜙 𝑡𝑡 = �1 if 𝑡𝑡 > 𝛾𝛾
0 if 𝑡𝑡 < 𝛾𝛾

𝛼𝛼 = 𝐸𝐸 𝜙𝜙 𝑡𝑡 ;𝜃𝜃0,ℋ0
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Example: Matched Filter Again
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 What is the uniformly most powerful (UMP) test? 
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 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 What is the uniformly most powerful (UMP) test? 

𝑝𝑝 𝒙𝒙 =
1

2𝜋𝜋𝜎𝜎2 𝑁𝑁/2 exp −
1

2𝜎𝜎2
𝒙𝒙 − 𝜃𝜃𝒔𝒔 2

𝑝𝑝 𝒙𝒙 =
1

2𝜋𝜋𝜎𝜎2 𝑁𝑁/2 exp −
1

2𝜎𝜎2
𝒙𝒙 2 − 2𝜃𝜃𝒙𝒙𝑇𝑇𝒔𝒔+ 𝜃𝜃2 𝒔𝒔 2

𝑝𝑝 𝒙𝒙 =
1

2𝜋𝜋𝜎𝜎2 𝑁𝑁/2 exp −
1

2𝜎𝜎2
𝒙𝒙 2 exp

1
𝜎𝜎2
𝜃𝜃𝒙𝒙𝑇𝑇𝒔𝒔 − 𝜃𝜃2 𝒔𝒔 2
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ℎ 𝒙𝒙 𝑔𝑔 𝑇𝑇 𝒙𝒙 ;𝜃𝜃



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔

So, the UMP test is ??
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𝛼𝛼 = 𝑃𝑃 𝒙𝒙𝑇𝑇𝒔𝒔 > 𝛾𝛾;ℋ0 = 𝑃𝑃
𝒙𝒙𝑇𝑇𝒔𝒔
𝒔𝒔 𝜎𝜎

>
𝛾𝛾
𝒔𝒔 𝜎𝜎

;ℋ0 = 𝑄𝑄
𝛾𝛾
𝒔𝒔 𝜎𝜎

= 𝑄𝑄 𝛾𝛾′

𝛾𝛾′ = 𝑄𝑄−1 𝛼𝛼
𝛾𝛾 = 𝑄𝑄−1 𝛼𝛼 𝒔𝒔 𝜎𝜎
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 What is the uniformly most powerful (UMP) test? 
The matched filter!

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔
𝛾𝛾 = 𝑄𝑄−1 𝛼𝛼 𝒔𝒔 𝜎𝜎

Or

𝑇𝑇 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔
𝒔𝒔 𝜎𝜎

𝛾𝛾′ = 𝑄𝑄−1 𝛼𝛼
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Example: CFAR (Constant False Alarm Rate) 
Matched Filter
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
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 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?
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Composite Hypotheses
 Consider the hypotheses
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𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/ 𝒔𝒔

𝒙𝒙

How is this distributed?

28

??



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)
𝒙𝒙/𝜎𝜎 / 𝑁𝑁

How is this distributed?
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Just multiplying by 1, so it is 
not affecting our equation



Composite Hypotheses
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Top: 𝒩𝒩 0,1
Normal 
Distribution
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𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)
𝒙𝒙/𝜎𝜎 / 𝑁𝑁

How is this distributed?
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Top: 𝒩𝒩 0,1
Normal 
Distribution

Bottom:
𝒙𝒙/𝜎𝜎 𝟐𝟐~𝒳𝒳𝑁𝑁

2
Chi-Squared 
Distribution
[with N degrees of 
freedom]



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)
𝒙𝒙/𝜎𝜎 / 𝑁𝑁

~𝑇𝑇𝑁𝑁

How is this distributed?
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Student’s T Distribution
[with N degrees of freedom]



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)
𝒙𝒙/𝜎𝜎 / 𝑁𝑁

~𝑇𝑇𝑁𝑁

Statistic not dependent on 𝜎𝜎2 under ℋ0 (CFAR)!

33

Student’s T Distribution
[with N degrees of freedom]



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔

𝒔𝒔 𝒙𝒙 / 𝑁𝑁
=
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)
𝒙𝒙/𝜎𝜎 / 𝑁𝑁

However, this is dependent on under ℋ1! So we need to fix this.
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)

𝒙𝒙𝑇𝑇 𝑰𝑰 − 𝑷𝑷𝒔𝒔 𝒙𝒙/(𝜎𝜎 𝑁𝑁 − 1)

However, this is dependent on under ℋ1! So we need to fix this.
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)

𝒙𝒙𝑇𝑇 𝑰𝑰 − 𝑷𝑷𝒔𝒔 𝒙𝒙/(𝜎𝜎 𝑁𝑁 − 1)
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𝒙𝒙𝑇𝑇𝒙𝒙 −
𝒙𝒙𝑇𝑇𝒔𝒔𝒔𝒔𝑇𝑇𝒙𝒙
𝒔𝒔𝑇𝑇𝒔𝒔

= 𝒙𝒙𝑇𝑇𝒙𝒙 −
𝒙𝒙𝑇𝑇𝒔𝒔 2

𝒔𝒔𝑇𝑇𝒔𝒔
= 𝒙𝒙 −

𝒙𝒙𝑇𝑇𝒔𝒔
𝒔𝒔𝑇𝑇𝒔𝒔

𝒔𝒔
2



Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)

𝒙𝒙𝑇𝑇 𝑰𝑰 − 𝑷𝑷𝒔𝒔 𝒙𝒙/(𝜎𝜎 𝑁𝑁 − 1)
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𝒙𝒙𝑇𝑇𝒙𝒙 −
𝒙𝒙𝑇𝑇𝒔𝒔𝒔𝒔𝑇𝑇𝒙𝒙
𝒔𝒔𝑇𝑇𝒔𝒔

= 𝒙𝒙𝑇𝑇𝒙𝒙 −
𝒙𝒙𝑇𝑇𝒔𝒔 2

𝒔𝒔𝑇𝑇𝒔𝒔
= 𝒙𝒙 −

𝒙𝒙𝑇𝑇𝒔𝒔
𝒔𝒔𝑇𝑇𝒔𝒔

𝒔𝒔
2

Estimate of 𝜃𝜃

Estimate of variance times (N-1)



Composite Hypotheses
 Something to keep in mind

𝜃̂𝜃 =
𝒙𝒙𝑇𝑇𝒔𝒔
𝒔𝒔 𝟐𝟐 =

𝒙𝒙𝑇𝑇𝑷𝑷𝑠𝑠𝒔𝒔
𝒔𝒔 𝟐𝟐

𝜎̂𝜎2 =
𝒙𝒙𝑇𝑇 𝐼𝐼 − 𝑷𝑷𝑠𝑠 𝒙𝒙

𝑁𝑁 − 1
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Composite Hypotheses
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝒔𝒔+𝒘𝒘 𝒘𝒘~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 > 0

 Assume 𝜎𝜎2 is unknown. What is the uniformly most powerful (UMP) test? 

𝑇𝑇 𝒙𝒙 = 𝒙𝒙𝑇𝑇𝒔𝒔 𝒙𝒙 2

Can we find a scalar statistic that is invariant to 𝜎𝜎2?

𝑇𝑇′ 𝒙𝒙 =
𝒙𝒙𝑇𝑇𝒔𝒔/( 𝒔𝒔 𝜎𝜎)

𝒙𝒙𝑇𝑇 𝑰𝑰 − 𝑷𝑷𝒔𝒔 𝒙𝒙/(𝜎𝜎 𝑁𝑁 − 1)
~𝑇𝑇𝑁𝑁−1

39

Student’s T Distribution
[with N-1 degrees of freedom]



Composite Hypotheses
 Utilizing the Karlin-Rubin Theorem
 Allows us to find uniformly most powerful (UMP) tests

 Allows us to find invariant tests

 Disadvantages
 Only useable for one-sided tests

 Invariant statistics may not exist or may not be obvious
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The Generalized Likelihood Ratio Test

41



Generalized Likelihood Ratio Tests
 The Generalized Likelihood Ratio Test
 A sub-optimal test

 Works well in many circumstances

 Can be used for two-sided tests

 Inherits many good properties from maximum likelihood estimation

42



Generalized Likelihood Ratio Tests
 The generalized likelihood ratio test
 Choose ℋ1 if 

max
𝜽𝜽0

𝑝𝑝 𝒙𝒙;𝜽𝜽0,ℋ1

max
𝜽𝜽1

𝑝𝑝 𝒙𝒙;𝜽𝜽1,ℋ1
> 𝛾𝛾

Or

𝑝𝑝 𝒙𝒙;�𝜽𝜽0,ℋ1

𝑝𝑝 𝒙𝒙;�𝜽𝜽1,ℋ0
> 𝛾𝛾

 Where �𝜽𝜽0 and �𝜽𝜽1 are the maximum likelihood estimates of 𝜽𝜽0 and 𝜽𝜽1

 Note:
 This is generally not an optimal test, but works well in many circumstances
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The Generalized Likelihood Ratio Test Example:
Value with unknown weight

44



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
> 𝛾𝛾
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
> 𝛾𝛾

 What is the MLE of 𝜃𝜃1?
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
> 𝛾𝛾

 What is the MLE of 𝜃𝜃1?
— 𝜃̂𝜃1 = 𝑥𝑥
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

49

= exp −
1

2𝜎𝜎2
𝑥𝑥 − 𝜃̂𝜃1

2 +
1

2𝜎𝜎2
𝑥𝑥2

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
= exp −

1
2𝜎𝜎2

𝑥𝑥 − 𝜃̂𝜃1
2 +

1
2𝜎𝜎2

𝑥𝑥2

= exp −
1

2𝜎𝜎2
−2𝑥𝑥𝜃̂𝜃1 + 𝜃̂𝜃12

= exp −
1

2𝜎𝜎2
−2𝑥𝑥2 + 𝜃̂𝜃12 > 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝑥𝑥 = 𝜃𝜃𝜃+𝑤𝑤 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2

 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

50

𝑥𝑥2 > 𝛾𝛾𝛾



The Generalized Likelihood Ratio Test Example:
Signal with unknown amplitude
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
> 𝛾𝛾

What is the MLE of 𝜃𝜃1?
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
> 𝛾𝛾

 What is the MLE of 𝜃𝜃1?

— 𝜃̂𝜃1 = 1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏
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Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

55

= exp −
1

2𝜎𝜎2
𝒙𝒙 − 𝜃̂𝜃1𝟏𝟏

2 +
1

2𝜎𝜎2
𝒙𝒙 2

max
𝜃𝜃1

𝑝𝑝 𝒙𝒙;𝜃𝜃1,ℋ1

𝑝𝑝 𝒙𝒙;ℋ0
= exp −

1
2𝜎𝜎2

𝒙𝒙 − 𝜃̂𝜃1𝟏𝟏
2 +

1
2𝜎𝜎2

𝒙𝒙 2

= exp −
1

2𝜎𝜎2
−2𝒙𝒙𝑇𝑇𝟏𝟏𝜃̂𝜃1 + 𝑁𝑁𝜃̂𝜃12

= exp −
1

2𝜎𝜎2
−2

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 + 𝑁𝑁𝜃̂𝜃12 > 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 
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1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 > 𝛾𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

What is the distribution of this? 
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1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 > 𝛾𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

What is the distribution of this? 

𝒙𝒙𝑇𝑇𝟏𝟏~𝒩𝒩 0,𝑁𝑁𝜎𝜎2
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1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 > 𝛾𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

What is the distribution of this? 

𝒙𝒙𝑇𝑇𝟏𝟏~𝒩𝒩 0,𝑁𝑁𝜎𝜎2
1

𝑁𝑁𝜎𝜎2
𝒙𝒙𝑇𝑇𝟏𝟏 2 ~𝒳𝒳12

59

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 > 𝛾𝛾𝛾

Chi-squared with one degree of freedom



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 What is the generalized likelihood ratio test (GLRT)? 

Question: What is this related to? 

60

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏 2 > 𝛾𝛾𝛾



The Generalized Likelihood Ratio Test Example:
Signal with unknown amplitude and unknown variance

61



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

62



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜃𝜃1?

63

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜃𝜃1?

𝜃̂𝜃1 =
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

64

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜎𝜎2 under ℋ0?

65

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜎𝜎2 under ℋ0?

𝜎̂𝜎2 =
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙

66

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜎𝜎2 under ℋ1?

67

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

What is the MLE of 𝜎𝜎2 under ℋ1?

𝜎̂𝜎2 =
1
𝑁𝑁

𝒙𝒙−
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

2

68

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

Okay, let’s put this all together now. 

69

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
> 𝛾𝛾



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

70

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
=

2𝜋𝜋 �𝜎𝜎02 𝑁𝑁/2

2𝜋𝜋 �𝜎𝜎12 𝑁𝑁/2 exp −
1

2 �𝜎𝜎12
𝒙𝒙 − 𝜃̂𝜃1𝟏𝟏

2 +
1

2 �𝜎𝜎02
𝒙𝒙 2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

71

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0

=
2𝜋𝜋 �𝜎𝜎02 𝑁𝑁/2

2𝜋𝜋 �𝜎𝜎12 𝑁𝑁/2 exp −
1

2 1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

2 𝒙𝒙 −
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏𝟏𝟏

2
+

1

2 1
𝑁𝑁 𝒙𝒙 2

𝒙𝒙 2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

72

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0

=
2𝜋𝜋 �𝜎𝜎02 𝑁𝑁/2

2𝜋𝜋 �𝜎𝜎12 𝑁𝑁/2 exp −
1

2 1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

2 𝒙𝒙 −
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏𝟏𝟏

2
+

1

2 1
𝑁𝑁 𝒙𝒙 2

𝒙𝒙 2

0 0



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)? 

73

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
=

�𝜎𝜎02 𝑁𝑁/2

�𝜎𝜎12 𝑁𝑁/2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)?

 Note that: 

74

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
=

�𝜎𝜎02 𝑁𝑁/2

�𝜎𝜎12 𝑁𝑁/2 =
1
𝑁𝑁𝒙𝒙

𝑇𝑇𝒙𝒙

1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

2

𝑁𝑁/2

1
𝑁𝑁

𝒙𝒙 −
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

2
=

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙 − 2

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 +

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 = 𝒙𝒙𝑇𝑇𝒙𝒙 −

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)?

 Note that: 

75

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
=

�𝜎𝜎02 𝑁𝑁/2

�𝜎𝜎12 𝑁𝑁/2 =
1
𝑁𝑁𝒙𝒙

𝑇𝑇𝒙𝒙

1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

2

𝑁𝑁/2

1
𝑁𝑁

𝒙𝒙 −
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

2
=

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙 − 2

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 +

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 =

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙 −

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2

�𝜎𝜎12 = �𝜎𝜎02 − 𝜃̂𝜃2 �𝜎𝜎02 = �𝜎𝜎12 + 𝜃̂𝜃2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)?

 Note that: 

76

max
𝜃𝜃1,𝜎𝜎12

𝑝𝑝 𝒙𝒙;𝜃𝜃1,𝜎𝜎12,ℋ1

max
𝜎𝜎02

𝑝𝑝 𝒙𝒙;𝜎𝜎02,ℋ0
=

�𝜎𝜎02 𝑁𝑁/2

�𝜎𝜎12 𝑁𝑁/2 =
�𝜎𝜎12 + 𝜃̂𝜃
�𝜎𝜎12

𝑁𝑁/2

= 1 +
𝜃̂𝜃2

�𝜎𝜎12

𝑁𝑁/2

> 𝛾𝛾

1
𝑁𝑁

𝒙𝒙 −
1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

2
=

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙 − 2

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 +

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2 =

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝒙𝒙 −

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2

�𝜎𝜎12 = �𝜎𝜎02 − 𝜃̂𝜃2 �𝜎𝜎02 = �𝜎𝜎12 + 𝜃̂𝜃2



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0

 Both 𝜃𝜃 and 𝜎𝜎2 are unknown. What is the generalized likelihood ratio test (GLRT)?

 What is the distribution of this test statistic under ℋ0? 

77

𝜃̂𝜃2

�𝜎𝜎12
=

1
𝑁𝑁2 𝒙𝒙𝑇𝑇𝟏𝟏 2

1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

2 =
1
𝑁𝑁𝒙𝒙

𝑇𝑇𝟏𝟏
2

1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

=

1
𝑁𝑁

1
𝑁𝑁
𝒙𝒙𝑇𝑇𝟏𝟏

2

1
𝑁𝑁 𝒙𝒙 − 1

𝑁𝑁𝒙𝒙
𝑇𝑇𝟏𝟏𝟏𝟏

> 𝛾𝛾′



Generalized Likelihood Ratio Tests
 Consider the hypotheses

 𝒙𝒙 = 𝜃𝜃𝟏𝟏+𝒘𝒘 𝑤𝑤~𝒩𝒩 0,𝜎𝜎2𝑰𝑰
 ℋ0 ∶ 𝜃𝜃 = 0

 ℋ1 ∶ 𝜃𝜃 ≠ 0
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