ECE 6540, Lecture 14

Bayesian Estimation:
LMMSE Estimators and Scalar Kalman Filters



m Bayes Risk (Average Loss)

m Generalized Bayesian Estimator

m MMSE Estimator

m Maximum A Posterior (MAP) Estimator

m Linear MMSE Estimator



Example:
MAP Estimator



Last Time

m MAP Estimator Example

= x=HO0+w
= Gaussian likelihood x| @ ~ V'(6, 62I)
=  Assume Gaussian prior 8 ~ N(O, 051)
= Why might we choose this prior?
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Source: https://en.wikipedia.org/wiki/Normal_distribution#f/media/File:Normal_Distribution_PDF.svg

Likelihood
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m MAP Estimator Example
" x=HO0+w
Gaussian likelihood x| 8 ~ NV'(0, 6%1)

Difference Operator

=  Assume Gaussian prior 8 ~ N(O, agD)
= Why might we choose this prior?
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Source: https://en.wikipedia.org/wiki/Normal_distribution#f/media/File:Normal_Distribution_PDF.svg

Likelihood
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m MAP Estimator Example

" x=HO0+w
= Gaussian likelihood x| @ ~ V'(6, 62I)
= Assume Laplace prior 6,, ~ Laplace(0, b)
= Why might we choose this prior? —
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Source: https://en.wikipedia.org/wiki/Laplace_distribution#/media/File:Laplace_pdf mod.svg
Source: https://en.wikipedia.org/wiki/Normal_distribution#f/media/File:Normal_Distribution_PDF.svg



m MAP Estimator Example
= Gaussian likelihood x| 6~ N (0, 0)

= Assume inverse gamma prior p(6) = % 0~ % lexp (_ g)

= Determine the MAP Estimator for 6



m MAP Estimator Example
= Gaussian likelihood x| 6~ N (0, 0)

= Assume inverse gamma prior p(6) = r[é ) 0~ % lexp (_ g)

= Determine the MAP Estimator for 6
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m MAP Estimator Example
= Gaussian likelihood x| 6~ N (0, 0)

= Assume inverse gamma prior p(6) = % 0~ % lexp (_ g)

= Determine the MAP Estimator for 6




Bayesian Estimation:
Linear MMSE Estimators



Linear MIMISE Estimator

m A simplification

= Assume the estimator is a linear system

= For a single parameter estimator

N
éthnxn+a=th+a

n=1
= For a multi-parameter estimator

O0=Hx+a



Linear MIMISE Estimator

m A simplification

= Assume the estimator is a linear system

= For a single parameter estimator

N
éthnxn+a=th+a

n=1



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step one: Find the optimal estimate for a



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step one: Find the optimal estimate for a

BMSE = E (6 — )]

BMSE = E [(9 — (hTx + a))2]
d(BMSE)

=-2E[0—(h"x+a)] =0
da

a* = E[6] — hTE[x]



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step two: Find the optimal estimate for h



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step two: Find the optimal estimate for h

BMSE = E (6 — )]

BMSE = E (6 — (h"x + E[6] — hTE[x]))’]

BMSE = E :((e —E[6]) - (hT — hTE[x])) ]
BMSE = E :((0 _E[6]) — hT(x — E[x]))2]

BMSE = E|(60 — E[6])?> — R (x — E[x])(0 — E[6)])




Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step two: Find the optimal estimate for h

BMSE — ng - hTng - ngh + hTCxxh

d(BMSE)
oh

= —2Cy9 + 2Cxh =0

Cixh = Chy
h* = C;;)} Cxo



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step three: Find the optimal estimator

0=h"Tx+a

a* = E[0] — h"E[x]

h* = C;%Cxe

A 1, T 1. T

0 = CixCxg X+ E[0] — C1xCxg E|x]
0 = E[6] + CziCyp (x — E[x])

BMSE — Cg@ — hTng - ngh + hTCxxh
BMSE = Cgg — ZCxOC;% Cro + Cxec;% Cxxc;% Cxo
BMSE = C4 = Cgg — Cr9CxiCrp

Have we seen these results before?



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error

= Step three: Find the optimal estimator

§ = E[6] + CxiCyp' (x — E[x])
BMSE = C4 = Cgg — Cr9CxiCro

Have we seen these results before?



Linear MIMISE Estimator

m A simplification

= Assume the estimator is a linear system

= For a multi-parameter estimator

O0=Hx+a



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error
= The LMMSE Estimator is

é = Hx+a
= E[60] — HE|[x]
H* = C;%Cxe

6 = E[0] + C51Cy (x — E[x])
0~ CBB - CxH C;;% CxB

Have we seen these results before?



Linear MIMISE Estimator

® Goal: To minimize the Bayesian Mean Square Error
= When we have a linear statistical model: x = GO + w, for noise w

= We assume the expected value and covariance of @ and w are both known.

8 = E[0] + (Coo + 6TC316) " GTCy1(x — GE[x])
9= Cop — G' Ci3G

Have we seen these results before?



Bayesian Estimation:
Linear MMSE Example



m LMMSE Estimator Example
= Gaussian likelihood x|8 ~ NV (0, 52)
= Determine the LMMSE Estimator for 8 = x? (Chi-squared prior)



m LMMSE Estimator Example
= Gaussian likelihood x|8 ~ NV (0, 52)
= Determine the LMMSE Estimator for 8 = x? (Chi-squared prior)

E [(9 — 9)2] = E[(6 — agx — ay)?]

oF [(6 - 6)°]

0a1

=E[2(0 —ayx—a;)] =0

E[0 —apx —a;] =0
E[Q] — aq =0
aq :E[H] :O-Z



m LMMSE Estimator Example
= Gaussian likelihood x|8 ~ NV (0, 52)
= Determine the LMMSE Estimator for 8 = x? (Chi-squared prior)

E [(9 — 9)2] = E[(6 — agx — ay)?]

oF (6 - 6) ]

5610

E[(6 —apx—a;)x] =0

E[6x —agx? —a;x] =0

E[6x] — agE[x*] =0

E[x3] — apE[x*] = 0
ap =0



m LMMSE Estimator Example
= Gaussian likelihood x|8 ~ NV (0, 52)
= Determine the LMMSE Estimator for 8 = x? (Chi-squared prior)

0 = g2

BMSE =E [(6 - 0)°| = E[(x? — 0%)?]

= E[x* — 2x%0? + 0*]
= 30%* — 20* + 0*

= 204



m LMMSE Estimator Example
= Gaussian likelihood x|0~ N (0,52)

= |n contrast, the estimator:

O
I
=

N

BMSE = E [(6 - 6)°| = E[(x? - x?)?]

=0



Bayesian Estimation:
Multiple data example



= MMSE / MAP / LMMSE Estimator Example
b
= Consider jointly Gaussian random variables 0, X1, X,. x = [x;]
= Assume X1, X, are independent.

= Determine the MMSE / MAP / LMMSE Estimator for 0.



= MMSE / MAP / LMMSE Estimator Example
xll

= Consider jointly Gaussian random variables 0, X1, X,. x = [x
2

= Assume X1, X, are independent.

= Determine the MMSE / MAP / LMMSE Estimator for 0.

m MMSE Estimator: 8 = E[0|x{, x,] = E[0] + Cg,Cri(x — E[x])

Cox = E[6x"] = [Cox, Cox,]
E[x1x711] E[xlx’g] _ Cx1x1 0
E[xlxg] E[xzxg] 0 szxz



= MMSE / MAP / LMMSE Estimator Example
xll

= Consider jointly Gaussian random variables 0, X1, X,. x = [x
2

= Assume X1, X, are independent.

= Determine the MMSE / MAP / LMMSE Estimator for 0.

m MMSE Estimator: 8 = E[0|x{, x,] = E[0] + Cg,Cri(x — E[x])
~ Cyx, 0 |y
0 =[Coxs Cox] [ 0 me] le

@ = E[B] + C0x1 C;llxl (x — E[X]) + Cexz C;zlxz (x _ E[x])



= MMSE / MAP / LMMSE Estimator Example
xll

= Consider jointly Gaussian random variables 0, X1, X,. x = [x
2

= Assume X1, X, are independent.
= Assume 0 is zero mean.

= Determine the MMSE / MAP / LMMSE Estimator for 0.

m MMSE Estimator: 8 = E[0|x, x,] = E[0] + Cy,Cri(x — E[x])

~ C 0 X
A
2142

Additive property of independent data sets



Bayesian Estimation:
Dynamic / state models (scalar case)



Kalman Filters

m Consider the signal problem
X=S+w
x[n] = s[n] + w|n]

where w is Gaussian noise with covariance Ig?2.

What is the MVVU Estimator of s?
Why is this a pretty terrible estimator?

How could we improve it?



Kalman Filters

m The ldea:

= The signal has:
— Nonstationary statistics (i.e., the mean changes over time)

— Correlated values (x[n] is related to x[n-1])

= Design an estimator such that
— The current estimated value based on previous measurements
— This is the idea of a filter.



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model
Measurement

= x[n] = s[n] + w[n] < I\/Iejasurement
noise

This is our current model.



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

Measurement
— x[n] [ ] + W[ ] 4__ Mejasurement
s[n] = asn — 1] noise
/ \ \ excitation noise,
Current state or the plant noise
of the system Previous state

of the system

This is our has an additional state model.



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

Measurement
— x[n] [ ] + W[ ] 4__ Mejasurement
s[n] = asn — 1] noise
/ \ \ excitation noise,
Current state or the plant noise
of the system Previous state

of the system

TT T 110

x[n —




Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

= as[n — 1]

s[n] =
/ \ \ excitation noise,

Current state or the plant noise
of the system Previous state

of the system

What the closed form solution for s[n]?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

s[n] = as[n — 1] + u[n]

s[0] = as[—1] + u[O0]

s[1] = as[0] + u[1] = a?s[—1] + au[0] + u[1]
s[2] = a3s[—1] + a?u[0] + au[1] + u[2]

s[3] = a*s[—1] + a3u[0] + a?u[1] + au[2] + u[3]



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

s[0] = as[—1] + u[O0]

s[1] = as[0] + u[1] = a?s[—1] + au[0] + u[1]
s[2] = a3s[—1] + a?u[0] + au[1] + u[2]

s[3] = a*s[—1] + a3u[0] + a?u[1] + au[2] + u[3]



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

n
s[n] = a™*1s[—1] + z a“uln — k]
k=0

= Assume (for now)

— s[=1] ~ M (ug, 07)
—u[n] » u~N(0,02I)
— s[—1] and u[n] are independent

What is the expected value of s[n]?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

n
s[n] = a™*1s[—1] + z a“uln — k]
k=0

= Assume (for now)

— s[=1] ~ M (ug, 07)
—u[n] » u~N(0,02I)
— s[—1] and u[n] are independent

What is the expected value of s[n]?

E[s[n]] = a™* 1y,



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

n
s[n] = a™*1s[—1] + z a“uln — k]
k=0

= Assume (for now)

— s[=1] ~ M (ug, 07)
—u[n] » u~N(0,02I)
— s[—1] and u[n] are independent

What is the expected value of s[n] (in terms of s[n — 1])?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

n
s[n] = a™*1s[—1] + z a“uln — k]
k=0

= Assume (for now)

— s[=1] ~ M (ug, 07)
—u[n] » u~N(0,02I)
— s[—1] and u[n] are independent

What is the expected value of s[n] (in terms of s[n — 1])?

E[S[n]] = aE[S[n — 1]]



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

n
s[n] = a™*1s[—1] + z a“uln — k]
k=0

= Assume (for now)

— s[=1] ~ M (ug, 07)
—u[n] » u~N(0,02I)
— s[—1] and u[n] are independent

What is the covariance between of s[n], s[m]?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
E[(s[n] - "“Ms)(S[ ] —a™ )] )

<n+1 +Zaun k n+1 )( n+1 +Zakun k _am+1ﬂs>]

£=0

("“(s ,us)+2a uln — k)<m+1(s — ug) + i uln — f)]

Due to the mdependence of s|—1] and u[n]

m+n+2 2+ZZ k+{’E[um k Tl f]

k=0 ¢=0

=F

Due to the independence of each u[n]

n
C(s[n],s[m]) = a™*"**262 + g2a™ ™™ Z a?k
k=0



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) = a™"™*262 + g2a™ ™ Z a®

k=0
n

var(s[n]) = C(s[n], s[n]) = a®™*?02 + o} z a®®
k=0

Ifa =1°7:



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) = a™"™*262 + g2a™ ™ Z a®

k=0
n

var(s[n]) = C(s[n], s[n]) = a®™*?02 + o} z a®®
k=0

Ifa = 1:
C(s[n],s[n]) = 62 + na?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) — am+n+2 2 _|_0.u a™m™ nz a2k

k=0
n

var(s[n]) = C(s[n], s[n]) = a®**?02 + o7 z a®®

k=0

Iflal <1,n - oo:?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) = a™"*262 + g2a™" "Z a®

k=0
n

var(s[n]) = C(s[n], s[n]) = a®**?02 + o7 z a®®

k=0

If |a] < 1,n — oo: (use geometric series relationship)

2 ,m—n
C(s[n], slm]) =

au a
— g2
2
C(slnl,s[n]) =

O-u
1—a?




Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) — am+n+2 2 _|_0.u a™m™ nz a2k

k=0
n

var(s[n]) = C(s[n], s[n]) = a®**?02 + o7 z a®®

k=0

In terms of s[n-1]: ?



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model

What is the covariance between of s[n], s[m]?
n

C(s[n],s[m]) = a™"*262 + g2a™" "Z a®

k=0
n
var(s[n]) = C(s[n], s[n]) = a®**?02 + o7 z a®®
k=0
In terms of s[n-1]:
n-1
var(s[n — 1]) = a®*"0?2 + o7 z a®k

k=0

var(s[n]) = a?var(s[n — 1]) + o}



Kalman Filters

m First-order Gauss-Markov Process:

= Assume our signal can be represented by a dynamical or state model
s[n] = as[n — 1] + u[n]

E[S[n]] = aE[s[n — 1]]
var(s[n]) = a?var(s[n — 1]) + o}
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