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Example 6-1. Using (6-41) and (6-43) derive expressions for the E and H
fields, in terms of the components of the A and F potentials, that are TEM to
the z direction (TEM?).

Solution. It is apparent by examining (6-41) and (6-43) that TEM?
(E, = H, = 0) modes can be obtained by any of the following three combina-
tions.

1. Letting
A, =A,=F =F,=0 A4,+#0 F+0 d/dx + 0 d/dy + 0

For this combination, according to (6-41)

5 y 1 3%, 1 [ 9% 2. 4 0
: Jods =] wpe dz? J wpe | 322 GHE |2

provided
A(x, p,2) = AF(x, p)e ™ + A7 (x, y)e*F

Similarly according to (6-43)

H, = ~joF, = j

1 3%, 1 /9
dz?

—_— J — + wzp,e)Fz =0
wpe 9z WHE

provided
F(x,y,z) = Ff(x, y)e ™ + F (x, y)e*#

Also according to (6-41) and (6-43)

1(dF, @F,
ox* " Gxdy | dxo: ( _)
34, . 34, N aZA,) 1(@.. af;)
dxdy  dy*  dyd:z

ciloion (24 9%, 0\ 1105, oR\]
fz) 704, que dxdz  dydz  3z2 | B (6-41)
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2. Letting
=Ad,=A4,=F,=F,=0 F#0 a/dx #0 d/dy # 0

For this combination, according to (6-41) and (6-43)

E, =0
1 3%F, 1 (g2

H, = —jwF, - j— = —f— + wlue E =0
wpe 9z° WRE | 322

provided
E(x,y,2) = F'(x, y)e ™ + F (x, y)e+#:

Also according to (6-41) and (6-43)
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Also
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3. Letting
A, =A4,=F=F,=F=0 A4,#0 3/3x#0 3/dy+0
For this combination, according to (6-41) and (6-43)

H =0

=0

F4

oA ) 1 32/12 1 32 )

provided

A%, y,2) = AF(x, y)e e + A (x, y)e P

Also according to (6-41) and (6-43)
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H'+ HS

From the results of Example 6-1, it is evident that TEM? modes can be obtained by

any of the following three combinations:

TEM*

A=A, =F,=F,=0 3/dx+0 3/dy+#0

A, =Af(x, y)e™ P+ A7 (x, y)et#

F, = F'(x, p)e™ + F (x, y)e*/
A,=A,=A,=F=F,=0 3/dx+0 d/dy # 0
F. = F*(x, y)e~ + F-(x, y)e ¥
y=A,=F,=F=F=0 3/dx+0 3/3y+0

A
A, =A7(x, p)e ™ + 47 (x, p) et

(6-44)
(6-44a)
(6-44b)

(6-45)
(6-45a)

(6-46)
(6-46a)

A similar procedure can be used to derive TEM modes in other directions such as

TEM* and TEM".




B. CYLINDRICAL COORDINATE SYSTEM

To derive expressions for TEM modes in a cylindrical coordinate system, a proce-
dure similar to that in the rectangular coordinate system can be used. When (6-34)

1 1
= = —jwA — j— «A) - -V X -4
E=E, +E; JwA jwpev(v A) - F (6-47)
and (6-35)
1 1
H=H,+Hy=~-V XA —joF - j—V(V +F) (6-48)
7 WUE

are expanded using
A(p,¢,2) = d,4,(p,9,2) + 8,4,(p,9,2) +d,4,(p, d,2) (6-49a)
F(p,¢,z) = 4,F(p,¢,2) + 4,F,(p,¢,2) + d,F(p,$,z) (6-49)

as solutions, they can be written as

o . 1 a1 9 134, 84,1 1(183F, 3F,
E=“P{‘f‘°"p‘fm5;[;a—p“’*‘») Yo } AR}
N 11413 1904, 44,
R s PR S e
1({3E,  3F,
'_;(72—— 39)}
1 a[1 9 134, 04,]
S ot FE AR il

-3l en - 32 (6:50)




e = A

e 1 9 19F, 0F) 1(1034, a4,
Hza"{_wF ‘J'@gg[p 3 \Ph) 32} —(; 0o 797)}
e 119 19F, OF,
+a¢{-_]wF¢ jw_#e;%[p Hp(p )+ T 32]
04, 04,
+ 5z 9p )}
_ 1 9[td 1 0F, OF,
o - maz[m("p Yo T
+i—-}[a—i(p/{¢) - %_} (6-51)

Example 6-2. Using (6-50) and (6-51) derive expressions for the E and H
fields, in terms of the components of the A and F potentials, that are TEM to
the p direction (TEM®),

Solution. 1t is apparent by examining (6-50) and (6-51) that TEM?
(E, = H, = 0) modes can be obtained by any of the following three combina-
tions:

1. Letting
A,=A4,=F,=F=0 A4,#0 F #0 3/d¢p + 0 d/dz # (0

For this combination, according to (6-50) and (6-51)

1 df1 d 1 a1l ¢

E,= —jwd, —jma—p[;g’;(m )] = —j;;;{a—p[; Eg(pAP)] + "’ZPGAP}

1 [afe4, 4,

~—;p_eh3_p(?;+7 +wp.eAp}

1 (8%, 1944 A4,

=_Jw_,u; 20 +;a—p—p—+wp.eA
E = _.._1._,. ._(?_2_ li 1 2 =

0T T e 392+pf9p—;+3 4 =0




provided
A (p o, 2) = A (¢, 2) HP(Bp) + 4, (¢, z) HV(Bp)

Also
1 a1 4d
Hm o 307
1 {8 14 1 )
st R
provided

F(p,¢,2) =F' (¢, z)HP(Bp) + F, (¢, z) HM(Bp)
In addition

1143138 1 9F,
e oy ) o

1 a1 9 1{ 139F,
A PR AL R )

119713 1 94,
H, = —J;‘E;%[Fg(ﬂ})] oz

. 6[1 a(F)}+1( 13Ap)
z - =] P pa¢

2. Letting
A=A,=A,=F,=F,=0 F=#0 d/de # 0 a/dz # 0

P



For this combination, according to (6-50) and (6-51)

E, =0
| 1 918
H, = —wa;—lw—#‘ggg{; 5;(91‘})]
1 (382 1 4 1 )
=“;;z(59+;?a;7”* =0

provided
E(p,¢,2) = E' (¢, 2)HP(Bp) + F (¢, 2) HP(Bp)

In addition

1 9F,
¢ e 9z

1‘( 1313)
E,=—-=|-——2¢

€ p 0.
u 11 41 a(F)
*" Jone p d¢ | p dp v

H, = = [li(pf’)]




3. Letting

Ay=A4,=F,=F,=F=0 A #0 3/3¢6+0 3/3z+0

For this combination, according to (6-50) and (6-51)

H, =0
1 a1 ¢
£y = ed, ‘f@za_p[za( A )]
1 9?2 1 4 1
=‘z;(5;+‘a—p‘;'+‘* 4 =0

provided
4,0, 0, 2) = A/ (9, 2) HP(Bp) + A, (9, z) HV(Bp)

In addition

- '118{13(,4)]
# = ouep 3¢ o dp "
1 19
E, = —j——|——(p4
* T ope [Pﬂp(p")}
A
m= il o
%)
H=—|-—
B p d¢




SUMMARY

From the results of Example 6-2, it is evident that TEM? modes can be obtained by

any of the following three combinations:

Ay=A,=F,=F=0 3/3¢+0 9/3z#0
A(p, b, 2) = A (¢, 2) HP(Bo) + 4, (&, 2) H{V(Bp)
E(p,¢,z) = E (¢, 2)HP(Bp) + F; (¢, z) HP(Bp)

A=A,=A,=F,=F=0 3/d¢+0 3/9z#0
E(p, ¢, 2) = F (¢, 2) HP(Bp) + F; (¢, z) H"(Bp)

A,=A,=F=F,=FE=0 3/0¢+#0 8/0z#0
A,(p, ¢, 2) = A7 (¢, 2) HP(Bp) + 4, (9, 2) H{P(Bp)

(6-52)
(6-52a)
(6-52b)

(6-53)
(6-53a)

(6-54)
(6-54a)

A similar procedure can be used to derive TEM modes in other directions such as

TEM? and TEM*.




6.5.2

Transverse Magnetic Modes: Source-Free Region

Often we seek solutions of higher-order modes, other than transverse electromag-
netic (TEM). Some of the higher-order modes, often required to satisfy boundary
conditions, are designated as transverse magnetic (TM) and transverse electric (TE).
Classical examples of the need for TM and TE modes are modes of propagation in
waveguides [2].

Transverse magnetic modes (often also known as transverse magnetic fields)
are field configurations whose magnetic field components lie in a plane that is
transverse to a given direction. That direction is often chosen to be the path of wave
propagation. For example, if the desired fields are TM to z (TM?), this implies that
H_ = 0. The other two magnetic field components (H_ and H,) and three electric
field components (E,, E,, and E,) may or may not all exist.

By examining (6-43) and (6-51) it is evident that to derive the field expressions
that are TM to a given direction, independent of the coordinate system, it is sufficient
to let the vector potential A have only a component in the direction in which the fields

are desired to be TM. The remaining components of A as well as all of F are set equal
fo zero.

A. RECTANGULAR COORDINATE SYSTEM

T™?

To demonstrate the aforementioned procedure, let us assume that we wish to derive
field expressions that are TM to z (TM?). To accomplish this, we let

A=a,4,(x,y, z) (6-55a)
F=0 (6-55b)




The vector potential A must satisfy (6-30) which reduces from a vector wave
equation to a scalar wave equation

vaz(‘x’ y’ Z) +B2Az(xa ys Z) =0 (6'56)

Since (6-56) is of the same form as (3-20a), its solution using the separation of
variables method can be written according to (3-23) as

A(x, p,2) = f(x)g(y)h(z) (6-57)

The solutions of f(x), g(»), and h(z) take the forms given by (3-28a) through
(3-30b). The most appropriate forms for f(x), g(»), and A(z) much be chosen
Judiciously to reduce the complexity of the problem, and they will depend on the
configuration of the problem. For the rectangular waveguide of Figure 3-2, for
example, the most appropriate forms for f(x), g(y), and h(z) are those given,
respectively, by (3-28b), (3-29b), and (3-30a). Thus for the rectangular waveguide,
(6-57) can be written as '

A (x,y,2) =[Cycos(B.x) + D, sin (8,x)] [C2 cos(B,y) + D, sin(ﬁyy)]
X (Aye ™7 + Bigtiet) | (6-58)
where

B+ B+ B = p? = wue (6-58a)

Once 4, is found, the next step is to use (6-41) and (6-43) to find the E and H
field components. Doing this, it can be shown that by using (6-55a) and (6-55b) we
can reduce (6-41) and (6-43) to

TM? Rectangular Coordinate System

1 34,

/ wpe dx dz

A,
dy
54, (6-59)
dx

X

H

X

1
T
E, = —j— o4,

Y wpe dydz
E = -j—}e(-f?—z-+/32)A H =0
z wpe | dz2 z z

y

1
u

which satisfy the definition of TM? (i.e., H, = 0).



For the specific example for which the solution of A4, as given by (6-58) is
applicable, the unknown constants C,, D, C,, D,, 4,, B,, B,, B,, and B, can be
evaluated by substituting 4, of (6:58) into the expressions for E and H in (6-59) and
enforcing the appropriate boundary conditions on the E and H field components.
This will be demonstrated in Chapter 8, and elsewhere, where specific problem

configurations are attempted. Following these or similar procedures should lead to
the solution of the problem in question.

Expressions for the E and H field components that are TM* and TM”* are
given, respectively, by

TM * Rectangular Coordinate System

Let
A=4d,A4.(x,y,z2) (6-60a)
F=0 (6-60b)
Then
1 { a2
Ex=._._____2_+32 Ax Hx=0
wie |\ dx
1 U 1 94,
E = —j— —> H, = — (6-61)
Y wpe dx dy u 0z
1 U, . 1 04,
Ez——ZEaxaz t u Ay

where A, must satisfy the scalar wave equation

VA (x, y,2) + B4 (x, p,2) =0 (6-62)



TM * Rectangular Coordinate System

Let
A=4a,A4,x,y,z) (6-63a)
F=0 (6-63b)
Then
Ev____E_HZAy H=—}-%
x wie dx dy * u dz
E i 214 H,=0 (6-64)
= —j—— || —= + = -
Y qus dy? 714, 4
E = — __1_ aZAJ’ H = _b
‘ wpe dydz fop dx

where A, must satisfy the scalar wave equation of

Vsz(x, y,z) + B (x,y,2)=0 (6-65)

The derivations of (6-61) and (6-64) are left to the reader as end of chapter
assignments. ~




B. CYLINDRICAL COORDINATE SYSTEM

In terms of complexity, the next higher-order coordinate system is that of the
cylindrical coordinate system. We will derive expressions that will be valid for TM-=.
TM? and TM? are more difficult and are not usually utilized. Therefore they will
not be attempted here. The procedure for TM? in a cylindrical coordinate system is
the same as that used for the rectangular coordinate system, as outlined previously
in this section.

T™?

To accomplish this, let

A=a.4,p, 0, z) (6-662)
F=0 (6-66b)

The vector potential A must satisfy (6-30) with J = 0 which reduces from its
vector form to the scalar wave equation

VA.(p, b, 2) + B4, (p,$,2) =0 (6-67)

Since (6-67) is of the same form as (3-54c), its solution using the separation of
variables method can be written according to (3-57) as

4.(p. ¢, 2) = f(p)g(¢)h(z2) (6-68)




The solutions of f(p), g(¢), and k(z) take the forms given by (3-67a) through
(3-69b). The most appropriate forms for f(p), g(¢), and A(z) must be chosen
judiciously to reduce the complexity of the problem, and they will depend upon the
configuration of the problem. For the cylindrical waveguide of Figure 3-5, for
example, the most appropriate forms for f(p), g(¢), and k(z) are those given,
respectively, by (3-67a), (3-68b), and (3-69a). Thus for the cylindrical waveguide,
(6-68) can be written as

A,(p, ¢, 2) = [A41J,(B,p) + B.Y,(B,p)][C,c0s (me) + D, sin (me)]
X ( Ay~ + ByetiPe) (6-69)
where
Bl + B =P (6-69a)

Once A, is found, the next step is to use (6-50) and (6-51) to find the E and H
field components. Then we can show that by using (6-66a) and (6-66b), (6-50) and

(6-51) can be reduced to

TM? Cylindrical Coordinate System
1 0%, 11 84,
E = —j— H =—— 5
e wie dpdz pp d¢
1 1 8%, 1 04, (6-70)
E,=—j—— Hy=———
¢ wpe p dpdz p dp
1 {a°?
= —j—|—5 + B?|4, H,=0
EZ .] w[.Le ( 822 B z

which also satisfies the TM? definition (i.e., H, = 0).
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