ECE 3510 Partial Fraction Expansion Examples by the Mixed Method e
rev, 2/23/10,

EX. 1 Like Example 1 from page 12, but with more interesting numbers 2118120

2
F(s) = 2:s+9s+15 _ A + B + C

(s+2)%(s+ 3) St+2 (s+2)° s+3

Multiply both sides by: (s+ 2)2-(s+ 3)

2.+ 95115 = A-(s+ 2)-(s+3) + B-(s+3) + C-(s+ 2)2
Set s:1=-2
2:(2)%+9-2+15 = 0 +  B(-2+3) + 0
5 1 B =5
Set s:i=-3
2:(-3)°+9-3+15 = 0 + 0 +  C(312)7°
6 C(1)2 C-6
Back to equation above
2.1 9515 = A-(s+ 2)-(s+ 3) + B-(s+3) + C-(s+ 2)2
26+ 95+15 = AS+AS5stAB + 55153 + C&+Cas+CAa
2.6 = AS + 0 +  Cd A=2-C
A=-4
And the rule is: Get as many easy answers as possible before clearing fractions!
H) = 2s°+9s+15  _ 4 N 5 N 6
(s+ 2)%(s+ 3) (st+2) (st 2)2 (s+3)
f(ty = 462 + 5te?! +  6et

EX. 2  Like Example 2 from page 13
44047 413

: ) ( , .
_o2(sel) Try to find factors of \sz+ 4-s+ 13): find roots ---> —————— == =—2 +3]
S <52+ 4-s+ 13> 2

= complex numbers.. STOP!

F(s) =

If there are complex poles, then expect sines and cosines in the time domain. If the poles have real components
as well as imaginary components then the sines and cosines are multiplied by exponentials. The entries in the
Laplace transform table for these are:

eat.cos( bt) <=> i
(s- a)?+ b?
at _. b
and e” -sin(b-t) <=> R
DON'T decompose like this: (s-a)"+b
Rs) = ——t D f'(s* 1) _ A, B . c
s\s+asi13 s (s+ 2+ 3)) (s+2- 3j)

Because that will only lead to complex exponentials which then
have to be changed to sines and cosine in a separate step.
It's much smarter to decompose to this form:

o 2(st1) - A L B(smy cb Because these forms

F(s) = —_—
s-<32+ 4.5+ 13> 5 (s- a)2+ b? (s— a)2+ b? are in the table!

And the rule is: Only decompose to terms that are actually in the table!



Ex. 2, Continued ECE 3510 Partial Fraction Expansion Examples p.2

Find aand b : 21 45413 = (s- a)2+ b2 = & 2asta’tb?
4-s = -2-as a=-2
13 = 21 b? = (2% b?
b’= 9 b=3
Find aand b 2
the easy way: Recall from above, roots of <52+ 4-s+ 13>: = w:fz +3] & -2-3j
a =Re(-2+ 3j) a=-2 b:=Im(-2+ 3j) b=3
F(s) = 2-(s+1) _ 2-(s+1)
s-<52+ 4-s+ 13> s-[(s— a)2+ bz}
_ 2:(s+1) _ A + B-(s- a) + C-b
s (s+2)2+ 32 s (s- a)%+ b2 (s- a)%+ b2
. . _ 2 2
Multiply both sides by: s/ (s+ 2)%+ 32
2.(s+ 1) = Al(s+2%+3%  + B(s+2)s + C3s
Set s=0  2(1) = Al(2)?% 3 + 0 + 0 A :1%
(2)%+ 3%=13
_ _ 2 2
Set s=-2  2(1) = A{(0)%+ 3 + 0 + C3(2)
) =  9A +  6C C;:2+9'A = 22
_ 6 39
Back to equation above
2:(st 1) = Al?i4s:13) + B(st2)s + C3s
2.5+ 2 = A< A4siA13 + BS12Bs + 3Cs
0 = AS + B B-A = 2
13
no <2 term on the left
An Alternate Way to find B and C With Complex math
Multiply both sides by: [(s+ 2)2+ 32}
2+ o Alsi2)2.32 4+ B(s+2) + C3
s
Set s=-2+3j
2238t o A +  B(213:2)+ C3
-2+ 3j s
() +B(@)  +  C3
(-2-3j) -2+3j S
2:((2+9)+(3-6)j) _ + B-(3)) + c3
2%, 3°
22- 6] - C + B - -
133 co 22 _ 6 _ 2 ECE 3510 Partial Fraction
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Ex. 2, Continued
2:(s+1)

F(s) =
s-<52+ 4.5+ 13>

f(t)

EX. 2.2 Another like Example 2,

ECE 3510 Partial Fraction Expansion Examples p.3

_ A B-(s- a) C-b

= — + —= 7 + =
S (s a)+ b’ (s- a)%+ b

- 21, 2 (st , 2 3
13s  13(s542)%+3% 39(s+2)%+ 3
2 2 2t 3 2t .

= - —-e“coy3t) + —e-sin(3-t) | u(t)
13 (3 13

-2t

3—19-<67 6-6 2Lcog(31) + 226 2Lsin(31))-u(t)

Different numbers and method (Not done in class)

F(s) = 130(s+ 1) = Ay B-(s-2) C-b Because these forms
(s+2)-(£+ 65+ 34 S+ 2 (2: 65134 (16534 are in the table!
-2a=6
- a2=h2=34
a=-3 b = 34-&=5
Multiply both sides by:  (s+2) Set si=-2
130(s+ 1) - A 4 B-(s- a) + C-b (s+2)
(& 651 34 (165134 (216534
1320((72)+ 1) A s 0
(224 6(2)+34
130 = 130_ = A
4-12:34 26
Multiply both sides by:  (s?+ 6-s+34)  Set s=-3 5j
130(s+ 1) A (2i6s:34 + B(st3) + C5
S+ 2 S+ 2
130C3+5c1) A g + B(3+5:3)+ C5
-3+ 5]+ 2 S+ 2
(-1- 5]_) 130(—2+_5]) _ 0 + B-(5j) + C.5
(-1-5)) -1+ 5]
130((2+ 25)%(107 5)]) - + B'(5j) + C-5
124 5
130(((-1)-(-2) + (-5))-(5))) + (- 1)-(5)) + (- 5))-(- 2))) B-(5j) + C.5
(1+25
130(27+ 5:)) = 27 +5] - B + c
265
B=5 C= 27
F(s) = 130(s+ 1) _ 5 + ;5-(S+ 3) . 275
(s+2)- (L1 6.5+ 34) S+ 2 (+6s-34)  (L+65+34
fit) = | 52" + 5etcog(5t) + 27€ tsin(51) | ()
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2
Ex. 3 Hs) - 92-5 - 9-sz+ 36
<s + 1>-<s + 4>
DON'T decompose like this: or even this:
95 9s136 A B’ c D’ _ A"s{B" C"stD"
F(s) =-————~ = —+ —+ —+ - =
(2 1).( 4) (sti) (s—i) (s+2)) (s 2j (2+1)  (2+4)

Look at the table first, to see what you should aim for.

It's much smarter to decompose to this form: or, if you prefer:
95 95+ 36 _ As B-aj Cs D-aj _ AstBa; Cs+Dap
Fs) = 2 T 2 2 2 2 (2 .2 (2 .2 T2 T2
<S+1>-<S+4> <s+a1> <s+a1> <s+a2> <s+a2> <s+1> <s+4>

_ _ o _ which is the same thin
al‘—[l a;=1 a2‘—ﬁ as=2 9

A-s N B-1 N Cs N D-2
<52+12> <52+12> <52+22> <52+22>

Multiply both sides by: ~ ($2+ 1)-(£+ 4)

9¢ 95136 = As(2+2?)B1(+ 29 cs(?r1d)+ D2 (&4 12
Set s::ﬁ
9 95136 = Ajl1+29B1(1:28) + o0 + 0
3 3
9j°-9j+36 = Aj3 + B3
-9+ 27 A=-3 B =9 A and B must be real because of the way that

we have decomposed the transform. The time
functions cannot have unreal coefficients

Set s::ﬁ
2 . _ . 2 2
9-(2)% 9(2§)+36 = 0 + 0 + c2jl4:1?)p2(4:1?
3 3
36— 18j+ 36 6§-C 6D

C =3 D =0

2
9-s- 9:s+ 36 -3s 91 3-s 0-2
F(s) = 2>~ 95F90 i N

<52+ 1>-<52+ 4> <52+ 12> . <52+ 12> <52+ 22> <52+ 22>

f(t) ((-3)-cos(1-t) + 9-sin(1-t) + 3-coy(2-t) + O-sin(2-t))-u(t)

((-3)-cog(1-t) + 9:sin(1-t) + 3-cos(2:t))-u(t)
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EX. 4  Like Example 3 from page 15 (Not done in class)

F(s) = L

<sz+ 2.5+ 2>

Decompose to:

and

Decompose to this form:
1

) = .
[(s- a)%+ b

Try to find factors of <52+ 2:s+ 2>

elcoy(bt)  <=>

lsin(bt)  <=>

t-e®co(bt) <=>

t-e?lsin(bt) <=>

A-(s-a)

(s- a)2+ b?

) . _ 2 .22
Multiply both sides by: [(S+ °+1 }

A(st 1) (st 1)%+ 1]

20242 g

2 = complex numbers.. STOP!
s-a a-Re(-1+j ) a=-1
(s- )+ b° b=Im(-1+j) b=1
b
(s— a)2+ b2
(s-a)’-b°
[(sf a)2+ bz}
2:b:(s— a)
[(sf a)2+ bz}z
. B-b . Cls-a® b . Di(2b(s-a)
(s- @)%+ b [(sf a)’+ bz}z [(sf a)’+ bz}z

+ B1{(s+ 1212+ cl(sr1?- 12 + D(21(s+ 1))

1 =
Set s=-1
1 = + B-1 + C(0-1) + 0
-1 1=B-C
Back to equation above c=1-8
1 = AS+A28 A2s+ A+ A2sHA2 + B+ B2s+B2 + Cs1C2s + D-2stD?2
0 = A A=0
L - + B’ B2siB2 + Cs?1C2s + D-2syD2
08 = B-s? + C¢ B-C=1 B
B ::1
2
C.=-B = E
2
1 = B-2 + D-2
1.2 =1 D=0
11 L(sr 1212
F(s) = ! - 0 . 2,2 . 0
<52+ 2.5+ 2>2 (s-1)*+1° [(S+ 1)%+ 12}2
f(t) = %-e’t-sin(t) - ;-t-e’t-cos(t) u(t)
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EX. 4.2 Another like Example 3, but with more interesting numbers

F(s) = —226(s25) Try to find factors of (&+ 4-s+ 68) 44468, +8) & -2- 8]
<52+ 4-s+ 68> ? = complex numbers.. STOP!
From Laplace table:  €'sin(b-t)  <=> b a =Re(-2+ 8j) a=-2
(s- )"+ b° b =Im(-2+ 8j) b=8
e*co(bt) <=> (S;ibz P+ 4568 =
(s- a)%+ b? =
teloobt) <> (s @D (s+2)%+ 8 =
(s a)2+b2}2 i dsi 4464
telsin(bt) <=> _20(s-d)
[(s— a)2+ bz}z
Decompose to:
Fo = 256(s+5)  _ A(s-a) Bb . Cls—a’ b’ | D(2b(s-a)
(21 45t 68>2 (s- )°+b? (s- )°+b? [(s- @)+ bz}z (s a)?+ bz}z

. . _ 2 S22
Multiply both sides by: [(s+ 2)"+8 }

256(s+5) = A(s+2)|(s+2)2+8 + B8[(s+2)2+8] + cl(s+22-8] + D(28(s+2))
Set s=-2
_ _ 2 2
256(-2+5) =768 = 0 + B8(0+8) + clo-8) + 0
3_
8 =512 -64 768 = 512B- 64C
C = -12:8B

Back to equation above

256(s+5) = Als(+4s:68+2(rasi68] + B8(P+asi68 + Cl(sr2)2-8 + D(28(s+2)
= AST A4S ABBst A2 1 A-8s+ A136+ B-8:s°+ B-32s+ B-544+ C-5+ C-ds— C-60+ D-16s+ D-32
08 = A€ A -0
o0& = 0-2:€ + 028 + B8 + C&
0o = B8 +C = B8+(12:8B)
B = 172 = §
16 4
C= 12+8B = —12+8-§:*6
2565 = 0-68s + 0-8s + B-32s + Cds + D-16s
256 = + 0.7532 - 64 + D-16
oo 256-24:24 .
16
3h
256(s+ 5) 4 cl(s+2)2- & D-(2:8(s+ 2))
Fs) = 2 0 ¥ 2 2 2 7 2
(24 45+ 68 (s+2)%+ 8 [(s+2)2+ 8] [(s+2)2+ &
- - 3. 7t. i - T 7t. < . 7t. I
ECE 3510 Partial Fraction f(t) = 2 e -sin(t) 6-t-e -cog(t) + 16t-e -sir(t) | u(t)
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