ECE 3510
(1),

Continuous-time
(analog) signal
showing sample
times 7

Discrete-time Signals and Systems ooe

f(k)
Discrete-time i
(digital) signal
corresponding to
the samplesof |
the analog signal.

0

The z - transform

1

]
1 12 13 14 15 16 17 18 19 20Kk

The z - transform will help us deal with discrete-time (digital) signals just like the Laplace transform helped us with
continuous-time signals. So let's start making a table.

[o¢]
z - transform:  F(z) = Z f(k)-z ¥
k=0
Impulse
[o¢]
=
1 f(k) = &(K) F(z) = Z 3Kz" = 1+010:0+. . . F(z) = 1 no pole
k=0 Just like Laplace:
5 5 f(t)=8(t) & F(s) = 1
Delayed Impulses
[o¢]
It o f(k) = &(k-1) F(z) = Z §k-1)0z = 04+ti0r0+. . . Fz)= t
z z
k=0
[o¢]
I+ o f(k) = &k-2) F(z) = Z §k-2)z = 040+ Li0+. .. Fz) =t
2 2
k=0 z z
[o¢] » ‘.-\.
_k . .
1+ o f(k) = &k-m) F(z) = 3(k— m)-z 1 - .
() = 3k-m) Fz)= > ak-m) = L -
k=0 z L poles /1
fak ® =0+, . .0r Ti0i04. . .= T
Zm Zm T

Any finite-length signal can be made of delayed impulses,
so all its poles are at the origin. ECE 3510 Discrete pl



Power Series (Needed to solve the next few cases)
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n
SUM = Z ak = 1+a+a2+a3+a4+. o
k=0
SUM-(1-a) = (1- a) (1+a+a2+a3+a4+ . o
= 1 (1+G+a2+a3+a4+ . o )— a (1+a+a2+a3+a4+ . o )
= 1 (1rara’radeats. a" )
2 3 4 5 n n+1
—( o+o0 +0 +0 +0a + . a +a )
1 7Gn+1
SUM:(1-a)= 1-o""
if(a<1
1- o™t S W 1-a”tt st 1
sum = — 9 fn=ew SiM= o =S =
(1- ) = (1- ) (1-a)
- in region of convergence (a<1)
Unit Step
[o0]
2 3 00 .
_ _ ko 1 1 1 .-~ - -.unit
f(k) = u(k) F(z) = Z Wz = e (Z) " Circle
k=0 ‘ .
1 $000000000000 00 -1 - K= 2 } *—
(Z* 1) [ .
1*; " ." pole
, , in region of convergence L
Like Laplace: 1
f(t)y= ut) & F(s)= =
s
Geometric Progression
[o0]
2 3 w
f(k) = a“u(k) F(2) = Z P . ) ) R a -t gy = 2
z \z z z a (z-a)
k=0 1--
z
o
lf(a<1) i lf(1<a)
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Unit step is a special case: (a=1) S
Like Laplace exponentials
f(t) = e*hu(t) | 1f(a<o)
L a | If(0<a) a
F(s) = —— 1
s-a
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Sinusoidals
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_ k k _ z . .
f(k)= <Cl-a1 +Cz-a2>-u(k) F(z) = 01-27a1+02-27 - Linearity
/compbxcomugme
If Co= Cil and ay = ?1 andwe'llnowcall C;=C and aq =p
K o= )k z —~ z
Then f(k)= |[C-p +C-<p> -u(t) and F(z) = C +C
zZ-p -
zZ-p

f(k)

If C
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Hoperog) Hapkrag

e

2-C-<p){ (k)

2-Icl-(Ip )k-cos<e pk+© C)-u(k)

isreal (6.=0)
f(k) = 2-(\p\)k-cos<e ok (k)

prp

This leads directly to:
IF (k)= (\p\)k-cos<ep-k>-u(k)

And If |p| = 1 (poles are right in the unit circle)
f(k)= cos<ep-k>-u(k)

If C is-j|C|,imaginary (8.=-90°) (C = j-|C|)
f(k) = 2-(\p\)k-sin<ep-k>-u(k)

i-p-jp
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pl -cos<e p>+ pl -cos<e p> =

czlz-piCz(z p)

(z- p)'<2* p> 2 complex-conjugate
polesat p and p

Ej.e.tJr e,j.e.t

Recall Euler's eq.: cos(6-t) =

czl2z p p)

f - C7llzpl i p)
2 Zpip i pp

- p-lz-p

pl -cos<e p> ~j|pl -sin<e p> + |p] -cos<e p> +i/pl -sin<e p>

2-|p| -cos<e p>

2:Cz(z- |p|-cos(6 ) )

F(z) =
2 z-<2- pl -cos<e p>> +pp
f2) - z(z- |p|-cos(6 ) )
2%~ 2:|p|-cos(0 p)-z+ (|p])?
F(z) = Z.<Zi COS(G p>> Then sometimes
- 2-cos<e p>-z+ 1 @, isreplacedby Q
F(z) = ¢ zlz-p)+j|clz(z- p)

(z p)lz )
_ lczliziiziip ip)
2%~ 2:|p|-cos(0 p)-z+ (|p])?

(i-Ipl-cos(8 )~ jj-|p|-sin(B ) - |p|-cos(® )~ j-j-|p| -sin(6 p)

j+Ipl-cos(® )+ |p|-sin(® o) ~ j:|pl -cos(® ) + |p| -sin(8 )

2(2lplsnfo,)

F(z) = . "
z°- 2:|p|-cos(6 p)-z+ (|p|)

which gets us to the sine terms in the table
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Sinusoidals
f(k) = cos<Q O-k>-u(k)
AND

f(k) = sin<Q O-k)-u(k)

Sinusoidals with growth or decay

i(k) = |p¥

-cos<9 p-k>-u(k)
AND
f(k) = (Ip))*sin(8 yk]-u(k)
Im

p pole

'p| rate of growth or decay

RN
0 P frequency

Re

Increase Q’/—’—

z<zf cos(Q o>>

F =
(Z) 227 2-COS<Q O>.Z+ 1
F(2) i)
Z =
s 2-cos<Q O>-2+ 1
z-<zf pl -cos<9 p>>
H2) = 2 5y -cos<9 p>-2+(\p‘ )’
F(z) = z-<\p\ -sin<9 p>>

22~ 2:p| -cos<9 p>-z+ (Ip)?

« Q4 frequency

! maximum

-frequency

frequency o / o
P =
i
.--" E ><: o DOD DOD
R = o N .
— = Cﬁ' ; "
L?“-F’ E' IE‘)\}{ o o o o o
"5“’% = @?‘ settles ° i
{c::(é & fast
5 &¥ .
: J—? % ik 02y
2 samples f cyc G . . e °a

Nyquist sam pIir{g rate

Inside unit circle

+ Convergesto 0

Bounded ;

1
Converges to a nonzero value

Outside unit circle
Unbounded, doesn't converge

On unit circle

Bounded unless dbl poles
Doesn't converge except if pole at 1
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impulse

delayed
impulse

unit step

Exponential
or

Geometric

Progression

Sinusoidals
Only
cosine

Laplace Transform (Unilateral)

1)

3(t)

u(t)

eLu(t)

e?'.cos(b-t)-u(t)

shown here
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Alias

Aliasing ]
Close to the Correct freq.
maximum
frequency
(2 Samples I | | | | | |
o | r2 \/ v 12 1 16 v 20
Far from the
maximum
frequency.

z - transform Properties

Operation f(k) F(2)

All the following are multiplied by u(k)
unless specified otherwise

Linearity c-f(k) + d-g(k) cF(z) + dG(z)
Right shift (Delay) f(k— m)-u(k— m) i-F(z) = 7z MF(2)
m=0 z"
f(k— 1) z4F(z) + f(-1)
f(k— 2) Z%FKz) + 2 M 1)+ f(2)
m
1 1 k
f(k— m) SK(Z) - f(-k)-z
Zm Zm kgl
m-1
Left shift f(k-+ m) "F(z)- 2™ Z f(k)-z ¥
m=0 k=0
not common f(k+ 1) z-F(z) - z-f(0)
f(k+ 2) 22F(z) - 221(0) - z-f(1)
Initial value f(0) lim F(z)
27 o
Final value f(o0) lim (z- 1)-F(z) (all poles of (z-1)F(2)
z=1 inside unit circle)
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