ECE 3510 Lecture notes Inverse z-transforms s
. . . 4/17/20
Partial Fraction Expansion a
Ex.1 F(z) = . Example 1 from Bodson, page 197
(z-1)(z+1)
Divide by z first, because all the table entries have a z in the numerator, you can remultiply by z at the end.
F(z) 1 A B C
= = — + +
z z:(z-1)(z+1) z (z- 1) z+1
Multiply both sides by: z(z-1)(z+1)
1 = A(z-1)(z+1) + B-z(z+1) + Cz(z-1)
Set z:=0
1 = A(0-1)(0+1) + 0 + 0 A== A=-1
1 -1
Set z=1
1 - 0 + B1(1+1) + O B-1 B =05
2 2
Set z:=-1
1 - 0 + 0 ¢ C(1)(1-1) c-t C=05
2 2
F(z) 1 B -1 1 1 1 1
= = J— + . + .
z z:(z-1)(z+1) z 2(z-1) 2z+1
Now multiply back through by z to get partial fractions that can actually be found in the table.
F(z) = 1 _ -1z + 1 z + 1 z
(z- 1)(z+1) z 2(z-1) 2z+1
1 1
f(k) =| - 1-8(k) +E+E-(f 1)%|-u(k)
By long division, as shown in
section 6.3.2 in Bodson text.
(z-1)(z+ 1) = (1)
1+ o o o o [e] [e] [e] [e] [e] C
z’2+ z’4+ 7%+,
T Z-1) )1
1-7°2
o~ = 13 = MEET I = i3 ~ %0 k ;2
-2 -4
Z —Z
_4
z
;4 6
7% etc
never ends
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EX2  Kz) = z ECE 3510 Inverse z-transform Examples p.2
(z- 09)*(z+08)
F(z) _ 1 _ A ., _09B C
z (z- 0.9)%(z+ 0.8) z-09 (z- 09)?2 z+08

Multiply both sides by: ~ (z- 0.9)*(z+ 0.8)

1 = A(z-09)(z+08) + 09B:(z+08) + C(z-09)?
Set z:=09
1 = 0 + 09-B(09+08) + 0 =1
17 0.9-1.7
Set z:=-0.8 B =0654
1 = 0 + 0 + C(08-09)° o 1
(-1.7)? (-1.7)?
: =0.34
Back to equation above € =0346
1 = A(z+09)(z+08) + 09B:(z+08) + C(z+09)>
1 = AZ2{17Az+ 72A + 09Bz:+072B + Cz°+18Cz+ 81C
A=
0.7 = AZ + 0 + CZ° A =-0.346
no z2 term on the left
~ z 0346z 0.654-0.9-7 0.346-2
F(z) = = + /== o+
(z- 09)%(z+ 08) z-09 (z- 0.9)? z+08
f(k) = 0.346:(0.9)+ 0654k (09)¢ + 0346( 0.8)
f(K) = |-0.346(0.9)" + 0.654-k-(0.9)"+ 0.346.(-0.8)|-u(k) k =0,1..40
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i ECE 3510 Inverse z-transform Examples p.3
Ex.3 F(z) =
- 2.2+ 2
The complex coefficient way (not recommended)
F(z) _ 1 A B

z (z-= (1+j))(z-(1-1)) i (z-(1+])) (z-(1-)))

|
; | = A = - g - =—
(z-(1-0) |z = (1+)) ((L+))-(1-j)
1 | 1
B S— =B = _ =05
(z-(1+0) |z =1 ((1-))-(1+j)
p=(1+)) lpl=42 p=o0,="
4
1
c=-= c = = lc=6.= -—
j cl 5 fe=8¢= -2
Use this Table entry ¢z Cz <> 2.|c|-(|p| )k-cos<e pkt © C> Note: table shows B, where I've
(z-p) <275> changed to C for clarity here
1 k T T k Im
f(k) = 2-|c|-(|p|)*-cos/6 5-k+ B = 2202 -cos| k- —u(k) = (W/2) -sin[k]-u(k
(k) = 2/ (|p) cos(B ki 6 ) ) (4 2)() W2) 4)()
The easy way
Az z-(z- |p|-cos/®
(\p\)k-cos<ep-k> <> z(z- a) = < < p>>
2 2az+ a2+ b? 2~ 2.|p| -cos<e p>-z+ (Ip))?
| ozl
(Ip[)“sin(6 k) < 2 2azi (i bY 2%~ 2:|pl-cos(8 ,)-z+ (|p|)?
Fit to our denominator: 2%~ 2:z+ 2 pl = [2

a-=1 b-=42-a b=1
[p| and B, are found here,

Im p=1+1 but only needed in the
b=1t------ >.< very last step, to find f(k).
1
ol
Ny ! 8p= acos(1> =0.785 = TZT
|
P 7
Re
. . . . a
Continue partial fraction expansion a=1
F(z) _ 1 B A(z- 1) N B(1)
z 22, 22+2 227 22+2 227 22+2 Let: z=1 B =1
1 = A(z-1)+B
0-z = Az A =0

[p| and B, are needed
here, to find f(k).

f(K) A-[( p|)*cos(e p-kﬂ-u(k) T B-{( pl)*sin(e p-kﬂ-u(k)

(k) = [f2)"sin
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n_k> u(k)
4



Ex.4 ECE 3510 Inverse z-transform Examples p.4
F(2) = 2:2(3z+17) s
(z- 1)-(Z2- 62+ 25) 4=bf------ p=3r4
F(z) _ 2:(3-z+ 17) _ A, B-(z- a) Cb /
z (z-1)(A-62+25) 21 2 _2azi(d:b?) - 2az+ (a4 b? [I—
_ A, B(z- a) Cb “e, |
z-1 7~ 62+25 - 62+25 N
- 62z+25 .
 2az+ <a2+ b2> 3
a=3 b=v25-a b=4
|p| and 8, are found here, |p| = @:5 0 = asin 4) =0.927 = acos(g) =0.927 = atan<4) =0.927
but only needed in the S S 3/ (in radians)
very last step, to find f(k). several ways to find 6, (in radians)
(z-a)
a=3 b=4
F(z) _ 2:(3-z+ 17) A . B(z- 3) c4
z  (z-1)(F2-62+25) z-1 2 67+25 2 67+25
2:(3z+17) I A 2(31+17) _,
(- 62+25 |z =1 (12~ 6.1+ 25)
2:(3z+17) = A-<227 6-z+ 25> + B:(z-3)(z-1) + C4(z-1)
62:3¢ = 2(2 62:25) + B(A-42+3) + Ca(z-1)
6z+34 = 27° 12z+50 + BZ° 4Bz+3B + Cdz C4
B -2
6-z = -12:z + 4-2-7 + C4z
co 6r12-8_ .
4
OR 34-50+6 54(” 6 .25
F(2) = 2:2:(3z+ 17) 2z + -2-z(z- 3) + 254
(z- 1)-(Z2- 62+ 25) z-1 22742 22742
k k .
Ip| and 6, are needed u(k) (lph) -cos<e p-k> (lph) -sm<e p-k>

here, to find f(k).
f(k) =

2u(k) - 2-5%c0s(0.927-k)

fk) = ( 2uk) - 2:5%cos(0.927-k)
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+  255%sn(0.927-k)

+ 25.5.5n(0.927:k) ) u(k)
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