ECE 3510 Root Locus Examples continued (Additional rules)

10. The breakaway (and arrival) points are solutions to:

1 1 -
Z/s+p> Z/s+z> Example:  G(s) =3+ 8)(s+ 10) Im
al [ al |\ [ (s— 1)-(s+ 5) N
Solve: .+ , 1 -1 1 N
s+5 s-1 s+8 s+ 10
(s=1)+(s+5) _ (s+8)+(s+10) A
(s+5)-(s-1) (s+ 8)-(s+ 10) . | | < Re‘
- = -l 0 3
_2sy4 _ 2sil8 )
Sir4s-5 s+ 18s+80 a4
/ —t
(2:s+ 4)'\527L 18-s+ 80> = (2s+ :|_8).<52Jr A-s— 5> -
267+ 405+ 232:5+ 320 = 2.8+ 2657+ 625~ 90 =t
265"+ 625 90 1

40-2 1 232-5+ 320

14-€ 1 170-s+ 410

2 . .
-170- 4/ 170" - 4-14-410 — 8824

A.Stolp
2/27/11,
2/25/24

0

1704 4/170° - 4-14-410 _

=-3.319

214

Breakaway (and arrival) points from the real axis (o},) are also the solutions to:

Why? Because gain =k =

214

1

d—G(s) =0 where sis areal number
ds (on the real axis)

The breakaway point will be the point between -5 and +1 with the highest gain.

That is also the point with the lowest G(s) and highest - G(s). Either way :—G(s)
s

s =-4,-3.99..0

Make some plots
03
gain =k =- 1
G(s)

0.2

0.1

—4 -3 —2 -1 0
real values of s

44

—34 —3.2 -3
real values of s

The breakin point will be the point between -10 and -8 with the lowest gain.

Make some plots

$.=-9.9,-9.893..-8.1

400
1

G(s)

gain =k =-

200 —

—10 —95 -9 —85 -8

real values of s

—0.025 :
1
G(s) \
1
—0.0255/ \ d
-8.824
:
—0.026 ' -
0o -89 —838 87

real values of s
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Root Locus Examples, continued p2
Find the Break-in points for Basic Root Locus Examples, Example 11
11 G(s) = (s+3)(s+12) m=2

(s+ 6)3 n:=3

n-m=1

no asymptotes

—
Break-away points —0 - v
1 1 1 1 1 _ 3
+ = + + =
(s+3) (s+12) S+6 S+6 sS+6 S+ 6
(s+12)+(s+3) _ (2:s+ 15) _ 3
(s+ 3)(s+ 12) (s+ 3)(s+ 12) s+ 6 =T

(2-s+ 15)-(s+ 6) 3-(s+ 3)(s+ 12)

o

= (2:s+ 15)-(s+ 6) - 3-(s+ 3)(s+ 12)

/— 9+ 34/7| [-1.063 -
&+ 185+ 18 Solve: [ _ ( ) Useless solution

\, 9_ 3.[7 ~16.937/  Breaks in at -16.937

Finding the jw crossing point using rule 9:

Rule 9. Phase angle of G(s) at any point s on the root locus: arg(G(s)) = arg(N(s)) - arg(D(s)) = +180° +54c°...
1643

s(s+ 16.64)-(s+ 53.78) Im 40 3

Like example 3 from Basic Examples

3. Crude servo: G(s) =

| think it crosses the imaginary axis at 29
1643

S:1=29] G(s) = - - -
29.j-(29-] + 16.64)-(29:j + 53.78)

[ G(s) = -90-deg-— atan/ﬁ - atan/ 29 =-178.488 'deg

| 16.64 \53.78

- , , Re

Try 30j: —an —0 —40
[ G(s) = -90-deg- atan/i - atan/ 30 =-180.138 'deg

| 16.64 \53.78

linear interpolation 30— 180138180 _,4 g1

180.138 — 178.488

/29.916) B atan( 29.916

[ G(s) = -90-deg- atan\ 1664 o3 78) =-180.002 ‘deg

close enough

Finding the jw crossing gain using rule 8:

1 20916209167 - 16.64%| 209167  53.78° _
1G(9)| 1643

Gain: 38

Root Locus Examples, continued p2



Root Locus Examples, continued p3

Find the Break-in points for Basic Root Locus Examples, Example 7

7. 69 = (5r9(08)
S - 6-s+ 13
: 1 _ 1 1 _ 2s-6 NOT 1
Break-away points + = -+ _ = -
(s+5) (s+8) s-3-2j s-3+2j ¢ 6513 ¢ 6513

Note the way these poles are expressed

Guess -6.3 Use this guess in all but the closest poles and zeroes

(- _ 2.57
1 + 1 . 2(63-6 = 0 Solutions: /
s-3-2j s-3+2) &2 6(-6.3)+ 13 \-6.3/ guess was good
Find the Departure angles from complex poles
for Basic Root Locus Examples, Example 7
answer
/2 114.340
atan =10.305"deg
18+3
[2 ).
atan =14.036"deg
|5+3 \ . .
-1 2 4
atan <823 + atan 3 90-deg - 6 = +180° 9qe
+ + a
atan/i + atan| —— | — 90-deg - 180-deg =—245.659 *deg
18+3 5+3
[ 2 2 _
atan) —— | + atan|——— | — 90-deg + 180-deg = 114.341'deg
18+3 5+3

better answer

Finding the jw crossing point using rule 9:
G(s) - (s+5)(s+8)
€- 65+ 13

Try: s:=5;j [ G(s) = arg(G(5-j)) =—171.193 *deg

Try: s:=45j [ G(s)= ag(G(s)) =176.375'deg arg(G(s)) — 360-deg =—183.625 ' deg

linear interpolation 4.5+ 183.625 - 180 -(5- 4.5) =4.646

183.625 - 171.193

Try: s:=4.646] [ G(s) = arg(G(s)) =—179.838 ‘deg

linear interpolation 4.5+ 183.625 - 180 -(4.646- 4.5) =4.64

183.625 - 179.838

Try: s:=4.64j [ G(s) = arg(G(s)) =-179.991:deg  close enough

Finding the jw crossing gain using rule 8:

cam L (484 6(464]) 113 _ 13- (46972 (6469’

: : : =0.462 to be stable: k > 0.462
G(s)| (4.64-j + 5)-(4.64] + 8)

J4.642+ 52-J4.642+ g
Root Locus Examples, continued p3



Root Locus Examples, continued p4

Find the Break-in points for Basic Root Locus Examples, Example 9
s+ 12

<52+ 4-s+ 13> «(s+1)(s+5)

9 G(s) =

Break-away points

1 _ 1 N 1 . 1 N 1 :(5+273-j)+(s+2+3-j)+ 1 N 1
(s+12) (s+2+3j) (s+2-3j) (s+1) (s+5) i 4sy13 (s+1) (s+5)
1 _  2st+4 1 1
= +

+
(s+12) 4513 (st1) (st5)

Guess -4 Use this guess in all but the closest poles and zeroes

1 _  2s+4 Lo 1
(-4+12) fr4si13 (4+1) (s+5) / 2.105
0 = 2:s+ 4 N 1 N 1 1 Solve: -3.648
$fiasi13 (st5) (4+1) (4+12) \*0912
0 = 2-s+ 4 N 1 . 1 B 1 Solve: / o
14513 (st5) (-3648+1) (-3648+12) T
\7 0332 @answer of -3.712

Find the Departure angles from complex poles for Basic Root Locus Examples, Example 9

answer;-r46.74°

10840 /" 180-deg - atan< 2 =108.435deg

Wil
a3

-+

9q° .

—5

-10-

atan/3> - atan(s) - (180-deg atan/3)> - 90-deg- 6 = +180°
\12-2 2 |1

6 = 180-deg+ 16.699-deg - 45-deg - 108.435-deg — 90-deg =—46.736 'deg
Root Locus Examples, continued p4



ECE 3510 Root Locus Departure and Arrival Angles
1

1
G(s) = = . :
(€1 45+ 13 (s+ 1)-(5+ 5) (s+2+3j)(s+2-3j)(s+1)(s+5)
\th +++,. Si=-2+ 3
e ++++.¢'I
T 2 1 = 5555610 ° +0.0111
- H r - B .
, For pole at -2 + 3 s (s+ 2+ 3j)-(s+ 1)-(s+5)
N k)
L7 180-deg - argl 5555610 3 0.0111i) = 63.412"deg

-:deg — atan <i>> =108.435"deg

/ 180-deg - atan< i)) + 90-deg + 45-deg = 243.435deg + 6 = + 1800

180 - 243.4=-63.4 deg

\ If you leave out 180° (not recommended)

< ~atan % + 90-deg + 45-deg =63.435-deg + O = 0°, + 360°
0 = 63.435deg
S+ 7 .
G(s) = . K
(&1 45+ 13 (s+ 1)-(5+ 5) .
/3| _ / :
atan\g =30.964"deg 3254 .
ey
j"'\-\.\_\_\_\_\-\-‘
Si=-2+ 3]
F .
: : s =-0.0611 +0.0389i
: 4 = F . , (s+2+3j)(s+1)(s+5)
; B 180-deg — arg(- 0.0611 + 0.0389i) = 32.483deg

<180-deg atan <i>> + 90-deg + 45-deg - atan(i) =212.471+deg + 6 =+ 180°

180 - 212.5=-32.5 deg



ECE 3510 Root Locus Departure and Arrival Angles p2

527 2:s+ 2

G(s) =
(&4 454 13)-(s+ 1)-(s+ 5)

/ 180-deg - atan < i)) = 146.31"deg

| |
i 45-deg < 180-deg - atan< i)) =108.435-deg

: ‘: / IR
k 180-deg - atan \3)) =126.87'deg

<180-deg atan<i>> + 90-deg + 45-deg - (180-deg atan(i)) - <180-deg atan<:>> =-29.745'deg + 6 = + 180°

-(180- 29.75) =-150.25 deg

=-33.69deg

? atarl1<;> =26.565"deg

90-deg

e

atan > =53.13'deg

1 e
\6

atan —
2

+ atan/4) ~ 90-deg =—34.533:deg - 6 = + 180° ECE 3510 Root Locus
\3 (180- 34.5) = 1455 deg Departure and Arrival
Angles p2

+ atan/£
|3




