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The z - transform will help us deal with discrete-time (digital) signals just like the Laplace transform helped us with
continuous-time signals. So let's start making a table.

[o¢]
z - transform:  F(z) = Z f(k)-z ¥
k=0
Impulse
[o¢]
=
1 f(k) = &(K) F(z) = Z 3Kz" = 1+010:0+. . . F(z) = 1 no pole
k=0 Just like Laplace:
5 5 f(t)=8(t) & F(s) = 1
Delayed Impulses
[o¢]
It o f(k) = &(k-1) F(z) = Z §k-1)0z = 04+ti0r0+. . . Fz)= t
z z
k=0
[o¢]
I+ o f(k) = &k-2) F(z) = Z §k-2)z = 040+ Li0+. .. Fz) =t
2 2
k=0 z z
[o¢] » ‘.-\.
_k . .
1+ o f(k) = &k-m) F(z) = 3(k— m)-z 1 - .
() = 3k-m) Fz)= > ak-m) = L -
k=0 z L poles /1
fak ® =0+, . .0r Ti0i04. . .= T
Zm Zm T

Any finite-length signal can be made of delayed impulses,
so all its poles are at the origin. ECE 3510 Discrete pl



Power Series (Needed to solve the next few cases)

ECE 3510 Discrete p2

n
SUM = Z ak = 1+a+a2+a3+a4+. o
k=0
SUM-(1-a) = (1- a) (1+a+a2+a3+a4+ . o
= 1 (1+G+a2+a3+a4+ . o )— a (1+a+a2+a3+a4+ . o )
= 1 (1rara’radeats. a" )
2 3 4 5 n n+1
—( o+o0 +0 +0 +0a + . a +a )
1 7Gn+1
SUM:(1-a)= 1-o""
if(a<1
1- o™t S W 1-a”tt st 1
sum = — 9 fn=ew SiM= o =S =
(1- ) = (1- ) (1-a)
- in region of convergence (a<1)
Unit Step
[o0]
2 3 00 .
_ _ ko 1 1 1 .-~ - -.unit
f(k) = u(k) F(z) = Z Wz = e (Z) " Circle
k=0 ‘ .
1 $000000000000 00 -1 - K= 2 } *—
(Z* 1) [ .
1*; " ." pole
, , in region of convergence L
Like Laplace: 1
f(t)y= ut) & F(s)= =
s
Geometric Progression
[o0]
2 3 w
f(k) = a“u(k) F(2) = Z P . ) ) R a -t gy = 2
z \z z z a (z-a)
k=0 1--
z
o
lf(a<1) i lf(1<a)
14 , Bounded Unbounded 5 ° T
=3P - ‘ . O . .
“oog o y ! o ‘ .
[ars 00 \ | 1 o o |.I ,I
T I I I‘-. ¢ OC)O 'n '
' o " N
R g = . .
Unit step is a special case: (a=1) S
Like Laplace exponentials
f(t) = e*hu(t) | 1f(a<o) -
L a | If(0<a) a
F(s) = — 1 1
s-a

ECE 3510 Discrete p2




Sinusoidals

ECE 3510 Discrete p3

_ k k _ z . .
f(k)= <Cl-a1 +Cz-a2>-u(k) F(z) = 01-27a1+02-27 - Linearity
/ complex conjugate
If Co= Cil and ay = ?1 andwe'llnowcall C;=C and aq =p
{ K o= )k z —~ z
Then f(k)= |[C-p +C-<p> -u(t) and F(z) = C +C
zZ-p -
zZ-p

ot olp) g

f(k) =
i6 j6 -k -j-8 -j-0 4,k
= el e ph e %, el (e P i
i-0 i-8 _i-0 _i-8 -k
= lcl(pheld?ed®r e e 0k
i-(0 0. -j-(© 0 -k
= lol(lpl k[ Eerot T ey
Hopkrog) | iopkeog
e e
= 2-C-(p){ (k)
= 2-\C\-(\p\)k-cos<ep-k+ec>-u(k)
If Cisreal (6:,=0)
f(k)y= 2:C(|p| )k-cos<e ork)-u(k)
p+p =
This leads directly to (let c=1/2):
If (k)= (\p\)k-cos<ep-k>-u(k)
And If |p| = 1 (poles are right in the unit circle)
f(k)= cos<ep-k>-u(k)
If C is-j|C|,imaginary (8.=-90°) (C = j-|C|)
f(k) = 2-(\p\)k-sin<ep-k>-u(k)
jp-ip =

ECE 3510 Discrete p3

pl -cos<e p>+ pl -cos<e p> =

czlz-piCz(z p)

(z- p)'<2* p> 2 complex-conjugate
polesat p and p

Ej.e.tJr e,j.e.t

Recall Euler's eq.: cos(6-t) =

clea-5-s)

f - C7llzpl i p)
2 2lpep)pp

- p-lz-p

pl -cos<e p> ~j|pl -sin<e p> + |p] -cos<e p> +i/pl -sin<e p>

2-|p| -cos<e p>

2:Cz(z- |p|-cos(6 ) )

F(z) = —
- z-<2- pl -cos<9 p>> +pp
f2) - z(z- |p|-cos(6 ) )
2%~ 2:|p|-cos(0 p)-z+ (|p])?
F(z) = Z.<Zi COS(G p>> Then sometimes
- 2-cos<e p>-z+ 1 @, isreplacedby Q
F(z) = ¢ zlz-p)+j|clz(z- p)

(z p)lz )
_ lczliziiziip ip)
2%~ 2:|pl-cos(8 ,)-z+ (|p|)?

(i-Ipl-cos(8 )~ jj-|p|-sin(B ) - |p|-cos(® )~ j-j-|p| -sin(6 p)

j+Ipl-cos(® )+ |p|-sin(® o) ~ j:|pl -cos(® ) + |p| -sin(8 )

2(2lplsnfo,)

F(z) = 5 ;
z°- 2:|p|-cos(6 p)-z+ (|p|)

which gets us to the sine terms in the table



ECE 3510 Discrete p4 o
Sinusoidal o e \
inusoidals z<zf cos(Q O>> . N
f(k) = cos(Q O-k)-u(k) F(z) = < > ; . Q 4 frequency
z°-2:cosQg)z+ 1 . .
AND . ‘maximum .
z-sm(Q o> ’ ;
f(k) = sin<Q O-k)-u(k) Fz) = - ' frequency .
z" - 2-cos<Q O>-2+ 1 "
- _'X_'f
Sinusoidals with growth or decay R
z-<zf pl -cos<9 p>>
= k . . . =
© = Blatghud O 2o (o
AND
z-(|p|-sin(0
f = (lp)snpkluk)  Fz2)= - plsn(op) .
z - 2-|p| -cos<9 p>-z+ (Ip)
Im
p pole
'p| rate of growth or decay o
'F‘\ [u]
0 P frequency Lo
I Re o 1 ¢\ ]
Increase Q’/—’— )
frequency LT o / o
.- =
i
L Ly ] o = o o o
fK % &E‘ s —_—
& 3 \‘3*
15\} L q:, >< o =] o =] o
{3’.@? = @»‘3‘ settles ° e
, {é\,é ﬁ@ fast
, & ca s
i — % a” a
' Cps ' b 7oe
2 samples f oy G . . . o050

Nyquist sam pIir{g rate

Inside unit circle
Bounded
Convergesto 0

1
Converges to a nonzero value

' Outside unit circle
Unbounded, doesn't converge

On unit circle

Bounded unless dbl poles
Doesn't converge except if pole at 1

ECE 3510 Discrete p4



impulse

delayed
impulse

unit step

Exponential
or

Geometric

Progression

Sinusoidals
Only
cosine

Laplace Transform (Unilateral)

1)

3(t)

u(t)

eLu(t)

e?'.cos(b-t)-u(t)

shown here

ECE 3510 Discrete p5

F(s) pole
1 none
1
S
+_
1
s—a
—;:,{_
s-a
(s- a)2+ b?
H
H
[
2

Time constant 1T = -

Z - transforms

f(k).

&Ky

O(k—-m) 1 o

- IW\—‘:OOO:

F2).

pole
1 none
1 -
el .
Zm r?aoles ’,‘ 1

z-<zf pl -cos<9 p>>

leoo a<l
o]
ooooooOOOOO
k
a -u(k)
l<a .-
k
‘p ‘-cos(@ p-k>-u(k)

2°~ 2:|p| -cos(8 |-+ ([p])?

o >2
. ‘
o ) DO
[=]
. . ;
pl <1 . et e
g
o
DD >§.‘
o o T .
a a o o o X
p| =1 . S T
o o o o o "
®
. . .
o
a 7 T
o l\
[=] o 1
B :
N .
p| >1 s :
o g !
. . 2
.
.
.

1
In([p!)

Damping factor

Settlingtime T, = 41

-In([p|)

( =
Jin(lph)?- 8’



Aliasing ] Alias

Close to the Correct freq.

maximum
frequency
(2 samples . | | | . . .
per cycle) 0 2

1 ]
’ 4 5 10 12 1 16 v 20

=y

= NN AN AL
A il W

0

z - transform Properties

Operation f(k) F(2)

All the following are multiplied by u(k)
unless specified otherwise

Linearity c-f(k) + d-g(k) cF(z) + dG(z)
Right shift (Delay) f(k— m)-u(k— m) i-F(z) = 7z MF(2)
m=0 z"
f(k— 1) z4F(z) + f(-1)
f(k— 2) Z%FKz) + 2 M 1)+ f(2)
m
1 1 k
f(k— m) SK(Z) - f(-k)-z
Zm Zm kgl
m-1
Left shift f(k-+ m) "F(z)- 2™ Z f(k)-z ¥
m=0 k=0
not common f(k+ 1) z-F(z) - z-f(0)
f(k+ 2) 22F(z) - 221(0) - z-f(1)
Initial value f(0) lim F(z)
27 o
Final value f(o0) lim (z- 1)-F(z) (all poles of (z-1)F(2)
z=1 inside unit circle)

ECE 3510 Discrete p6



ECE 3510
f(k)

f(k) = 1-J‘ F(z)-2 oz
2:Ttj

integral around a closed

path in the complex plane

3(k) impulse

O(k— m) shifted impulse

u(k) unit step

All the following are multiplied by u(k)
k

k3

Geometric Progression or Power Series

k
a

k-ak

k2- ak

k3- ak

Sinusoids

cos(Q o k>

sin<Q O-k>

(|p| )k-cos<e o) Y

=l

Re

(Ip)sin(8 k|

ECE 3510 z-transforms pl

Z - transforms A. Stolp

4/15/09,
4/18/20

F(2)
F(2) = Z f(k)-z ¥

k=0

(z- 1)°
z(z+1)
(z- 1)°

z-<22+ 4.7+ 1>
(z-1)°

az

(z- a)°

az(z+a)

(z- a)°

az <zz+ 4-az+ a2>

(z-a)*
Az-a)  _ z(z- cos(Q )|
22— 2-az+1 z —Zcos< >Z+1
2b i} zsm<Q o>
- 2-az+1 z 72cos<§20>z+1
z(z- a) Z'<Zf P -cos<9 p>>

#-2aze (b’ 2o 2pl-cos(6 )2+ (1))’

o ey

2 2. p?
2~ 2az+ (@ b?) - 2-\p\-cos<ep>-2+(\p\)2



ECE 3510

S

Poles at zero
Az

— = A
z

Bz _ B
2z
cz _C
z e
Dz _ D
pa z

Poles on real axis (not at zero)

(z- p)°
E-z

(z- p)*

Complex poles

z - transforms  oop
Good for inverse z-transforms 4/15/09

f(k)

All the following are multiplied by u(k)
unless specified otherwise

A-8(K)

B-&(k- 1)
C-8(k- 2)

D-3(k- 3)

D-E-k-(kf 1).pf 2
2

E-é-k-(k— 1)-(k— 2)-p< 2

B-z B-z )
(z- IO)+ < > 2:B]-(Ipl) -COS<9 p-k+eB>
zZ-p
i 2[B[ -k ([p))* cos 0 (k- 1)+ 8]
(Z* p)2 —\2 p
zp)
p s Bi 3 Bl ke (k= 1)-(Ip])* %cog 8 (k- 2) + 0]
(z-P) <zf p>
B-z + B-z }‘B‘k(kf 1)(k7 2)'(‘p‘)k73'CO{e (kf 3)+GB}
z-p* (, ) 3 -
zZ-p
-0 0
where B = \B\ej B and o= ‘p‘.ej b
if B = C*D'j and p = qur.j
then |B| = +/C?+ D? and  |pl = |q?+ P
r
Op = atan— 0. = atan|—
o w2 =l

ECE 3510 z-transforms p.2



ECE 3510

Operation

Addition
Scalar multiplication

Linearity

Right shift

m=0

Left shift

m=>0

Multiplication by pk

Multiplication by k
Time convolution

Initial value

Final value

. . Stol
z - transform Properties s

f(k)

F(z)

All the following are multiplied by u(k)
unless specified otherwise

f(k) + o(k)
cf(k)

c-f(k) + d-g(k)
f(k— m)-u(k— m)
f(k— m)

f(k— 1)
f(k— 2)

f(k— 3)

f(k+ m)

f(k+ 1)
f(k+ 2)

f(k+ 3)

p*-F(k)

k-f(K)

f(k) % g(k)

f(0)

f(c)

ECE 3510 Laplace Properties

F(z) + G(2)
cF(2)

cF(z) + d-G(2)

i-F(z) = zMF(2)

Zm
m
1 1
S F(z) Z f(- k)2
m m
z Z k=1

ZYF(z) + (1)
Z2F(2) + Z4(-1) + f(-2)
Z3F(2) + 226 1)+ Z L(-2) + (- 3)

m-1

"F(z)- 2™ Z f(k)-z ¥
k=0

z-F(z) - z-f(0)

7*F(z) - Z2>f(0) - z-f(1)

2F(z) - 226(0) - Z26(1) - zf(2)

F(Z) Frequency scaling

72-3— Fz) Frequency differentiation
z
F(z)-G(z)

lim F(z)
72—~ ©

lim (z- 1)-F(2)
z— 1
(all poles of (z-1)F(2) inside unit circle)

ECE 3510 z-transforms p.3



ECE 3510 Lines of Constant Damping in the z-plane » ol

4/4/07

ECE 3510 Lines of Constant Damping



ECE 3510 Lecture notes Inverse z-transforms s
. . . 4/17/20
Partial Fraction Expansion a
Ex.1 F(z) = . Example 1 from Bodson, page 197
(z-1)(z+1)
Divide by z first, because all the table entries have a z in the numerator, you can remultiply by z at the end.
F(z) 1 A B C
= = — + +
z z:(z-1)(z+1) z (z- 1) z+1
Multiply both sides by: z(z-1)(z+1)
1 = A(z-1)(z+1) + B-z(z+1) + Cz(z-1)
Set z:=0
1 = A(0-1)(0+1) + 0 + 0 A== A=-1
1 -1
Set z=1
1 - 0 + B1(1+1) + O B-1 B =05
2 2
Set z:=-1
1 - 0 + 0 ¢ C(1)(1-1) c-t C=05
2 2
F(z) 1 B -1 1 1 1 1
= = J— + . + .
z z:(z-1)(z+1) z 2(z-1) 2z+1
Now multiply back through by z to get partial fractions that can actually be found in the table.
F(z) = 1 _ -1z + 1 z + 1 z
(z- 1)(z+1) z 2(z-1) 2z+1
1 1
f(k) =| - 1-8(k) +E+E-(f 1)%|-u(k)
By long division, as shown in
section 6.3.2 in Bodson text.
(z-1)(z+ 1) = (1)
1+ o o o o [e] [e] [e] [e] [e] C
z’2+ z’4+ 7%+,
T Z-1) )1
1-7°2
o~ = 13 = MEET I = i3 ~ %0 k ;2
-2 -4
Z —Z
_4
z
;4 6
7% etc
never ends

ECE 3510 Inverse z-transform Examples p.1



EX2  Kz) = z ECE 3510 Inverse z-transform Examples p.2
(z- 09)*(z+08)
F(z) _ 1 _ A ., _09B C
z (z- 0.9)%(z+ 0.8) z-09 (z- 09)?2 z+08

Multiply both sides by: ~ (z- 0.9)*(z+ 0.8)

1 = A(z-09)(z+08) + 09B:(z+08) + C(z-09)?
Set z:=09
1 = 0 + 09-B(09+08) + 0 =1
17 0.9-1.7
Set z:=-0.8 B =0654
1 = 0 + 0 + C(08-09)° o 1
(-1.7)? (-1.7)?
: =0.34
Back to equation above € =0346
1 = A(z+09)(z+08) + 09B:(z+08) + C(z+09)>
1 = AZ2{17Az+ 72A + 09Bz:+072B + Cz°+18Cz+ 81C
A=
0.7 = AZ + 0 + CZ° A =-0.346
no z2 term on the left
~ z 0346z 0.654-0.9-7 0.346-2
F(z) = = + /== o+
(z- 09)%(z+ 08) z-09 (z- 0.9)? z+08
f(k) = 0.346:(0.9)+ 0654k (09)¢ + 0346( 0.8)
f(K) = |-0.346(0.9)" + 0.654-k-(0.9)"+ 0.346.(-0.8)|-u(k) k =0,1..40
4__
3__
o
2T [SBo) °o ©° ©o o o
© o0
(o6} (o] o
%o
o
o
1+ oo ° o, o
%o
°00 44 00
0 5 10 15 20 % 0 S 20

ECE 3510 Inverse z-transform Examples p.2



i ECE 3510 Inverse z-transform Examples p.3
Ex.3 F(z) =
- 2.2+ 2
The complex coefficient way (not recommended)
F(z) _ 1 A B

z (z-= (1+j))(z-(1-1)) i (z-(1+])) (z-(1-)))

|
; | = A = - g - =—
(z-(1-0) |z = (1+)) ((L+))-(1-j)
1 | 1
B S— =B = _ =05
(z-(1+0) |z =1 ((1-))-(1+j)
p=(1+)) lpl=42 p=o0,="
4
1
c=-= c = = lc=6.= -—
j cl 5 fe=8¢= -2
Use this Table entry ¢z Cz <> 2.|c|-(|p| )k-cos<e pkt © C> Note: table shows B, where I've
(z-p) <275> changed to C for clarity here
1 k T T k Im
f(k) = 2-|c|-(|p|)*-cos/6 5-k+ B = 2202 -cos| k- —u(k) = (W/2) -sin[k]-u(k
(k) = 2/ (|p) cos(B ki 6 ) ) (4 2)() W2) 4)()
The easy way
Az z-(z- |p|-cos/®
(\p\)k-cos<ep-k> <> z(z- a) = < < p>>
2 2az+ a2+ b? 2~ 2.|p| -cos<e p>-z+ (Ip))?
| ozl
(Ip[)“sin(6 k) < 2 2azi (i bY 2%~ 2:|pl-cos(8 ,)-z+ (|p|)?
Fit to our denominator: 2%~ 2:z+ 2 pl = [2

a-=1 b-=42-a b=1
[p| and B, are found here,

Im p=1+1 but only needed in the
b=1t------ >.< very last step, to find f(k).
1
ol
Ny ! 8p= acos(1> =0.785 = TZT
|
P 7
Re
. . . . a
Continue partial fraction expansion a=1
F(z) _ 1 B A(z- 1) N B(1)
z 22, 22+2 227 22+2 227 22+2 Let: z=1 B =1
1 = A(z-1)+B
0-z = Az A =0

[p| and B, are needed
here, to find f(k).

f(K) A-[( p|)*cos(e p-kﬂ-u(k) T B-{( pl)*sin(e p-kﬂ-u(k)

(k) = [f2)"sin

ECE 3510 Inverse z-transform Examples p.3

n_k> u(k)
4



Ex.4 ECE 3510 Inverse z-transform Examples p.4
F(2) = 2:2(3z+17) s
(z- 1)-(Z2- 62+ 25) 4=b] p=3r4
F(2) _ 2:(3-z+ 17) _ A, B-(z- a) C-b
4 (z- 1)-<227 6-z+ 25> z-1 - 2-az+ <a2+ b2> - 2-az+ <a2+ b2>
_ A, B(z- a) C-b
z-1 2 62z+25 2~ 62+ 25 |
- 62z+25 .
 2az+ <a2+ b2> 3
a-3 b=v25-a b=4
|p| and 8, are found here, |p| = @:5 0 = asin 4) =0.927 = acos(g) =0.927 = atan<4) =0.927
but only needed in the S S 3/ (in radians)
very last step, to find f(k). several ways to find 6, (in radians)
(z-a)
a=3 b=4
F(2) _ 2:(3-z+ 17) A . B(z- 3) c4
z  (z-1)(F2-62+25) z-1 2 67+25 2 67+25
2:(3-z+ 17) I A 2(31+17) _,
(- 62+25 |z =1 (12~ 6.1+ 25)
2:(3z+17) = A-<227 6-z+ 25> + B:(z-3)(z-1) + C4(z-1)
62:3¢ = 2(2 62:25) + B(A-42+3) + Ca(z-1)
6z+34 = 27° 12z+50 + BZ° 4Bz+3B + Cdz C4
B -2
6-z = -12:z + 4-2-7 + C4z
co 6r12-8_,,
4
OR 34-50+6 54(” 6 .25
F(2) = 2:2:(3z+ 17) 2z + -2-2(z- 3) + 254
(z- 1)-(2- 62+ 25) z-1 2 62+25 2 62+25
k k .
Ip| and 6, are needed u(k) (lph) -cos<e p-k> (lph) -sm<e p-k>

here, to find f(k).
f(k) =

2u(k) - 2-5%c0s(0.927-k)

fk) = ( 2uk) - 2:5%cos(0.927-k)

ECE 3510

+  255%sn(0.927-k)

+ 25.5.5n(0.927:k) ) u(k)

Inverse z-transform Examples p.4



ECE 3510 Discrete-time Systems & Transfer Functions oo
Section 6.4 in Bodson text (p.200) Follow along in the Textbook
Ex.1 ($lgotinbank) = ($1had) + interest + ($ | add)

Define: y(k) = bank account balance at end of day k

x(k) = money deposited on day k /’\
o = interest earned in one day X(k) Z y(k)
y(k) = y(k- 1)+ a-y(k- 1)+ x(k)
. 1 1to ylk-1) D
Y(z) = z>Y(2)+az Y (z)+ X(2)
= LY (2)(1+ o)+ X(2)
Y(2)-z1Y(2)(1+ ) = X(2)
Y@l 2t = X X(2) —{ T Y(2)
Y(z) _ 1 z
H(z) = = —
X(2) [172’1-(1+a)} z 1
1+ z
H(z) = — 2
z- (1+a)
In general: H(z) = oapdat - Y(2) X(z) —= H(2) [ Y(2) = X(2)-H(z)
input X(2)

All Transfer - Function and Block - Diagrams we already know from Laplace work with

i z-transform
Serial - path systems transforms

X(2)-A(2)

X(z) —= A(2) B(z) —=Y(z2) = X(2)-A(z2)-B(2) Summers
K’_/_\/\J X (2) — X 1(2) + X 5(2)
+
X(z) —= A(2)'B(z) ——= Y(2) = X(2)-A(2)-B(2) X o(2)
Parallel - paths Feedback loop
X(z)-A +
A(Z) (Z) (Z) X(Z) @ A(Z) Y(Z)
X(z) — Y(2)= X(2)(A(2) + B(2)) -
5(2) X(2)B(2) B(2)

X(z) — (A(z)+B(2)) = Y(2)

A(2)
1+ A(z)-B(2)

X(z) — = = Y(2)

ECE 3510 Discrete Systems p1l



Impulse Response

X(z)=1—= H(2)

— Y(2)

Input is an impulse

y(k)

X(z)-H(z)
h(k)

= 1-H(z) = H(2)

Sometimes the term "impulse response” is used in place of the term "transfer function”

= Impulse response = z - transform of h(Kk)

FIR Finite Impulse Response (FIR) means that output goes to and stays at absolute 0 within a finite number of steps.

IR

FIR (Finite Impulse Response)
x(k)

"1 '01 2 3 4 5 6 7

IR (Infinite Impulse Response)

8 9 10 11 12 13 14 K

Infinite Impulse Response (IIR) means output never completely goes away. (It may approach 0 like exponential decay)

y(Kk)
3 o)
o) o) example output
Impulsein — = H(z) |——= o
e S 5 e T o T T n 1k
y(k) = 2:x(k— 1)+ 3-x(k— 2) + 2:x(k— 4) + X(k— 5)
Y(z) = 2Z2%X(2)+ 32 2X(2) + 22 *X(2) + 7 >X(2)
5
H(z) = Y@ = <2-z’1+3-z’2+ 2-z’4+z’5>-z—
X(2) z
4 3
H(z) = 22 +3z2+2z+1 T
z o .
Poles of H(z) 4 N% ;
all at origin ' \ !
" all poles

many other possibilities

KT . . KT
y(k) Example 1 y(k) much higher interest y(k)
oXe}
T or yearl o¢ T o
yoéo 000° p © oO oo 0©
$0000000000000C $ 0000 + 0o ©
I ] ] ] ] ] ] ] ] ] 1 1 1 1 ] I ] ] ] ] ] ] ] ] ] 1 1 1 1 ] I ] ] ] ] ] ] ] ] ] 1 1 1 1 ]
101 23 45%6 78 91011121314 K 10" 23456 78 91011121314 K T1'01 23 456 7 8 91011121314 K
y(k) b
o}
o}
-4 O O
o
1 o %0, o exponential decay is still IR, even though it approaches 0, it never really reaches 0
ooooooOOOOOO
I OOQQQQQOOOOG)G)Omummmmmmmmn
o 5556 7 51910111213 14 15 16 17 18 19,20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 30 40 41 42 43 44 45 46 47 45 49

a
50 k

ECE 3510 Discrete Systems p2



Bounded-Input, Bounded-Output (BIBO) Stable

A system is considered BIBO stable if the output is bounded for any bounded input.

A bounded input could have single poles on the unit circle at any location.
A bounded output may not have double poles on the unit circle or any poles outside the unit circle.

The output will have all the poles of the input plus all the poles of the system. (except in rare pole-zero cancellations.)

Therefore: A BIBO system may not have any poles on the unit circle or outside the unit circle.

Draw the poles on this unit circle

1
H =
a(?) z(z- 05)
Hp(2) = % FIR
Z
1 1
= H =
H «(2) (- 2) d(2) (2-2)
1 1
= H =
He(2) (z- 1) f(2) (z+ 1)
1
H =
gt?) (z- 0.8+ 08j)(z- 0.8- 0.8])
,J0.8%+08%°=1131 = |p|
1
H =
h(2) (z- 06+ 08)-(z— 0.6 0.8])
0621 08%=1 = |p|
HI(Z) = 1

(z- 0.6+ 0.6)(z— 06— 0.6)

20621 06%=0849 = |p|

a,b, YES poles all inside unit circle
c¢,d, NO pole outide

e,f, NO right on unit circle

g, NO outside

h, NO right on unit circle

i, YES inside unit circle

ECE 3510 Discrete Systems

p3



Step Response
X H(0)
Remember: Continuous-time (Laplace) Yls) = ——— Ya(t) = X pyH(0)-u(t) H(0) =DC Gain
S
S000.. yesterday

Today . ..
0000V ULOLL
X(K) y(k) Step responseooooooooo
00°
Xm stepin —={ H(z) ——= 0° .
000000000000 0C Oo Example of a typical response
O
I I ! ! ] ] ] ! I | | 1 1 | ! ! | I ! 1 | | ]
Ho T s s s S toiio1s1a okt 10111213141516171819202122232425 K

X(2) = X pyu(k)

Steady-State Response & DC Gain For BIBO Systems
Y(z) = X(z)-H(z)

Complete step response steady-state response + transient response

partial fraction expansion: Y(z) = Xm-i-H(z) = A + {B+C+D}
-1 () () ()
divide both sides by z Y@ xm-i-H(z) = A + {B+C+D]1
z z-1 z-1 (1) (1) (v)
multiply both sidesby (z- 1) Y(2)2 % = X 7H(Z) = A + {B+C+D]Zl
z () () ()] z
set z:=1 X mH(1) = A
Y(2) = X 2 H() = . {Euc D}
z-1 -1 () () ()
steady-state transient response
response (all other poles are inside

unit circle (BIBO))

Y se(k) X mH(1)-u(lk) The transient part would be
H(1) =DC Gain found by finishing the

partial-fraction expansion.

ECE 3510 Discrete Systems p4



Sinusoidal Response For BIBO Systems

The sinusoidal response of a system is the output when the input is a sinusoidal (starting at t = 0).

sinusoidal input —= H(z) [ output = sinusoidal response maximum
(Steady-state) y

frequency

For continuous time, we found H(jw) = \H(joo)\/ H({w) allj& are on the Imaginary axis

For discrete time, we find H(p) = \H(p)\ / H(p) where all p are on the unit circle
Qg Qg
e = e

Thatmeansthat p =1/Q = 1.

)= [nld9) Lngn
Use in the same way. Hie /= [He [ H(0)
Either:

Modify the magnitude and phase of the input to get the steady-state output, y.(k) (multiply magnitudes & add phases)

j-Q . . .
OR Y(z) = X(z)-H<e O> Which gives both steady-state and transient outputs.
to get a frequency response plot, allow to vary from O (or near 0) to the maximum frequency.

Example from text:

x(k) 5 y(k) = x(k) - x(k— 4) FIR system
- 4 4
L S I N I R Y(z) = X(2)-2%X(z) = X(2)-(1- 2%
Hz) = Y& g 4 -1 1
X(z) z4
\ A A1 (AP
H(z) = z-1 £ 7 Z z
Z4
. . &
| 20) 2 g4
0 (499" )
H<eJ °> = 1© ==
i Qg4
;- @ . 4 polesI @
.
magnitude
g -
0 4 /2 3n/4 T
o0 T
al T
30
These strange, repeating frequency-response curves are
07 angle oS : . .
common in digital signal processing. Take a class in DSP
7 to learn more. Here, this is about as deep as we're going.

o0+
The transient part would be found by partial-fraction expansion.

Initial Conditions
Initial Conditions are handled here much like they are in continuous time, with similar results. ECE 3510

In a BIBO system their effects dissappear quickly and are very similar to the impulse response. )
Y ppear quiciey Y P P Discrete Systems p5



Integration

y(k) = y(k- 1)+ x(k)
old sum + new
Y(2) = z5Y(2) + X(2)

Y(2)- 21Y(2) = X(2)

Accumulation

Y(2)(1-2%) = X(2)
H(z) = Y(z) _ -
X(z) 1-71  z-

. . .1
Compare to Laplace, where the transfer function for integration is —

S

In both cases this is also the transform of the unit step function.

That's because convolution of a signal with the unit step function is the same as integration.

Differentiation

The slope of any line segmentis  y(k)
Y(2)

Y(2)

[3 I4 F5 I6 H(Z)

Compare to Laplace

rise x(K) — x(k— 1)

run 1

X(2) -z 2 X(2)

X(2)-(1- 27
Y(2) I z-1
X(z) z

<

, Where the transfer function for integration is

In both cases this is the inverse of transform of integration.

In continuous time, diffential equations play a very important role in describing the world.

y(k)

In the digital, they become difference equations.
Implementation
FIR Example: X(k) D D D D D
4 3
H(z) = 2.z + 3-25+ 2.z+1
z
= <2-z’1+ 3-2’2+ 274+ z’5> @
4 3
_ 272 +37+2z+1
X(2) 1 2 3
- -1 | 2XX 21 TR 1 2

221X

()

IR The very first example of an interest bearing bank account, go back and look.

>

x(K)

ylle-1)

y(k) =
y(k=1)-(1+ a)+ x(k)

X(z)

Discrete Systems

‘%_Oi
1+ !
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lIR General Example
Y(Z) b4'Z4+b3'ZB+b2'22+b1'2+b0 b4+b3'Zﬁl+b2'272+b1'273+b0'274

H(z)
X(Z) Z4+ 33'23+ 32'22+ al'Z+ ao 1+ 33'27]:# 32'272+ a1-273+ 30'274

Y(z)-<1+ a3-z’l+ a2-z’2+ al-z’3+ ao-z’4> X(z)-<b4+ b3-z’1+ b 2-2’2+ b 1-2’3+ bo-z’4>

Y(z)= X(z)-<b4+ b3-z’l+ b 2-2’2+ b 1-2’3+ bo-z’4> - Y(z)-<a3-z’1+ a2-z’2+ al-z’3+ ao-z’4>

Direct Implementation
X(2)

Y(2)

(o)

/b—\w
/b_\\\_z//
Y

Minimal Implementation

b4'Z4+ b3'23+ b 2'22+ b 1'Z+ bo

Z4+ 33'23+ 32'22+ al'Z+ ao

X(z)

Y(2)

1 2 3 4
Xl = X(Z)fag'z -X 1732'2 -X 1731'2 -X 1730'2 Xl
X 1<1+ 33'27]:# 32'272+ a1-273+ 30'274> = X(Z)
Xl = X
1 1 2 3 4
+asz +a22 +alz +aoz
Y(z) = X1-<b4+b3-z’1+b2-z’2+b1-z’3+b0-z’4>
X -1 -2 -3 -4
Y = -<b Doz " +byz"+byz °+bpz >
(2) S \Parbgzirbyzmibyz by

1+ a3-z’l+ a2-z’2+ al-z’3+ ao-z’

Y(Z) B b4+ b3'Zﬁl+ b 2'272+ b 1'273+ b 0'274

H(z) = X(2)

Check, it works

1 2 3 4
lragz tagyz ragz +apgz Discrete Svstems p7



Example From Spring 2011 Final a) Draw the block diagram of a simple direct implementation of the difference equation.

k-2 1 1
v = 2xk)+ K22 sk 3)- Ty 2+ Loy(k- 3)
3 4 2
x(k) D D y(k)
D = D
b) Find the H(2) corresponding to the difference equation above. Show your work.
Y(2) = 2X(2)+ 1X(2)72 15X(2) 7% 1y (2)zts Lv(z) 72
3 4 2
1 -2 1 -3 _ 1 -2 -3
Y(2)+=-Y(2)z"-=Y(2)z = 2:X(2)+=-X(2)'z"- 15X(2)z
4 2 3
Y (2)- 1+E-z’2—g-z’3 = X(2)- 2+E-z’2— 1573
4 2 3
2 1,2 1573 . 2.1z 15
Hz) = Y& - 3 (Zg) -8
X(Z) 1%3'272*2'273 z 23+E.27}
4 4 2
c) Listthe poles of H(Z). Indicate multiple poles if there are any.
0.689 Polesat:  0.689
0=72"¢ %-zf % solvesto | 0.345+ 0.779] -0.345+ 0.779]
-0.345- 0.779:] -0.345- 0.779:]
d) Is this system BIBO stable? Justify your answer.
0689 < 1 1/0.345% + 0.779° = 0.85:< 1

Yes, all poles are inside the unit circle

Another Example from the same Final
Draw a minimal implementation of a system with the
following transfer function

H(z) = —z3+(zf 2)(z+4) f'rld—23+22+ 2:z- 8
z: 22+E— 2 z3+}-22— 2z
Continuous Time Discrete Time
Differential Equations Difference Equations
Laplace Transform z transform
Left-half plane / Right-half plane Inside unit circle / outside unit circle
Origin Point at (1,0), the right-most point on unit circle
Frequency increases as pole goes up, vertically Frequency increases as pole goes around unit circle
Adequate Extra z in numerator of most terms
settling Divide by z before partial-fraction expansion
time
Transfer functions and Block diagrams pSellity
Same Lots of z1 blocks e el
- Root Locus G .
Works exactly the same way, but results are interpreted very differently. .~ \"\ o
Adequate ' < ‘*-\_ il
settling e C '-.\
. AL Adequate
ECE 3510 Discrete Systems p8 damping




A.Stolp

ECE 3510 homework # Z1 Due: Sat, 12/3/22 4/10/22

1. Like problem 6.4 in the text. Sketch the time function x(k) that you would associate with the following poles. Only
a sketch is required, but be as precise as possible. You may wish to use Matlab or a spreadsheet to plot these.

a)pq = 03 and, b) p;=1, c) j-g —j-—g d pq=09j,
= e s = e .
Py = 09 po= 1 P1 P2 py= 09]
2. See the back of this page.
3. Problem 6.1 in the Bodson text. 'z —
. _ _ a) X(z) = &7 1 b) X(z)= — %~
Find x(0) if the z-transform of x(k) is: z-1 2 azid

4. Problem 6.7 in the text.

Answers
1. Actual signals may have different magnitudes and/or phase angles. You can't tell those things from the pole locations.

a) -
D
%0, 1 4
. ©000,, ° os OR
4 40
0 2 % o + o5 7 6 5 1o ®0o0, %o
L ! L ] | 1 POQOPOG
02 4 % 8 10 02 4 % B8 10
Fast decay Slow decay Or many others, depending on relative magnitudes
) o o T
b) Pp=1 pp=-1 + + ) )
O O O O ¢ o [e]
OR
L1 -t 1 1T° ° ‘
01 2 3 2 5 + 01 2 3 4 5 Al L
01 2 3 45 01 2 3 4 5
o o C
C) 12
08 o o ¢
0.4 ° °
| 1 A | | | | | & 1 1 1
0 I 2 & 4 5 6 7 8 © 10 11 12
—0.4 o le)
—0.8 0o 4 ©
-12
2. Im 3.a) a b o
Z - plane
M 4. (6.7) Bounded Converges X(o)
L } a) yes yes 0
P ‘ = b) yes yes 0 vanishes in a finite time
. E (all poles are at zero)
e GX\\ c) yes no
1 Fy d) yes yes 8/9
) NoJAL E R
; * * : e) yes yes 2
. . B . b
A o I Re f) no
s)) yes no
| h) yes yes 1
ECE 3510 Homework Z1 p.1




Name:
2. For each of the pole locations shown on the s-plane below, Draw and label a similar pole location on the z-plane.

Top line represents Im ¢ f . - .
. : S _ s _ 21  where fgis the digital sampling
Maximum (Nyquist) frequency — P Z'H'E " o1 frequency, so this line is 1/2 the
sampling frequency
N P s— plane
X *
J K L M
X X X X
E F G H
X X * X
Q | 8 f 2 | | Re

Note: The poles on both planes do come in complex-conjugate pairs, but | have only shown those above the real axis.

You may do the same below. unit circle is shown as dotted line

Zz- plane

' Re

1 ECE 3510 Homework Z1 p.2



ECE 3510 homework # Z2 Due:  Tue, 12/6/22 poo

c
1. Problem 6.3 in the text.  Use partial fraction expansions to find the x(k) whose z-transform is
) X@z)= — 1 b) X(z)= — %2
(z-1)(z-2) 2 27:2
2. Problem 6.6 in the Bodson text.
2
3. a) Use partial fraction expansion to find x(k) for the following z-transforms:  X(z) = z
(z+1)-(Z-142+098)
b) Is the signal represented by part a) bounded? Does it converge? If yes, to what value?
4. Problem 6.8 in the text
homework # Z3 Due: Thur, 12/8/22
1. Problem 6.9 in the Bodson text.
2. Problem 6.10 in the text
3. Problem 6.11a) only (NOT b) or c)) in the text.
4. a) Draw the block diagram of a simple direct implementation of the difference equation.
y(k) = 3:x(k) + 2:x(k— 1) - x(k— 3) - é-y(kf 1) +}-y(kf 2)
4
b) Find the H(2) corresponding to the difference equation above. Show your work.
c) List the poles of H(z). Indicate multiple poles if there are any.
d) Is this system BIBO stable? Yes No How do you know?
e) Is this an FIR system? Yes No If not, which terms in the difference equation are to blame?
Z2 Answers
1 1 [k
1. a) /7-6(k)7 l+—-2k\'u(k) b) P[z) 'Sin(n'kﬂ-u(k)
\2 2 ) 4
2.(6.6) a) x(k) = 4&K)+ 2+2-[2-cos/5-k+’3
2 4
x(0) =0 X(1) =0 x(2) =0 X(3) =4 X(4) =4 x(5)=0 X(6) =0 X(7) =4 X(8) =4
3. a) |-0.296:(- 1)+ 0.98" (0.296-cos<:-k + 0.71-sin<z-km. u(k) 4. (6.8) a) yes d) yes
b) Yes No NIA b) yes €) no
c) no f) yes
Z3 Answers ) 2 48 3
169 ayHZ= ° stableif |a<1 b) H(z) = 122;—21* stable
Z-az+4d z(2z-1)
2
2.(6.10) a) H(z) = — % unstable b) L& = 1618 3.(611) @)y = 2
2 2
z-z-1
3
4. a 3z7+2z-1
) D D o /-d:l\ @ b) ﬁ
x(K) ESZ N
() 3" 4
\2J
) D
&
c) 0.036 -0.694 d) YES, All poles are inside the unit circle e) NO é-y(kf 1) and %-y(kf 2)

ECE 3510 Homework Z2 & Z3



