ECE 3510 Lecture 4 notes Inverse Laplace transforms by il

Partial Fraction Expansion e

Ex. 1 by Clearing Fractions  Like Example 1-b from Bodson section 2.2.4, but with more interesting numbers
F(s) = 12.s+ 64 - A + B + Cc
(s+4)*(s+6) s+ 4 (s+4)° s+ 6

Multiply both sides by:  (s+ 4)%(s+ 6)

12-s+ 64 = A(s+ 4)(s+6) + B(st6) + C(s+4)?
12-5+ 64 = A+ A10s+A24 + B-siB6 + C&£+C8s:C16
0-52 = A-52 + 0-52 + C-52 A =-C

no s2 term on the left

12's = A-10s + B:-s + C8s
12 = A-10 + B + -A-8 B:=12- 2.A
64 = A24 + B-6 + C-16
64 = A24 + (12-2A)6 + -A-16
64-72=-8 = -4A A=2
C=-2 B=8
Hs) = 12-s+ 64 _ 2 .\ 8 .\ -2
(st 4)*(s+ 6) s+4 (s+4)? s+6
fity = (2™ + ste + 2% )uw
Ex. 1 by Residue Method
125+ 64 = A (st 4)(s+6) + B(s16) + C(st4)?
Set si=-4 F(s)
12(-4)+64 = 0 + B(4:6) + 0 B::(s+4)2-%
16 2 (s+ 4)°(s+ 6)
B =8
Set si=-6
12.(6) 164 = 0 + 0 + C(6+4)? C=2
-8 2
(-2)
See Eq. 2.9, page 22 of Bodson Text
A = % (SJr 4_)2.—]'2.5;L 64 = 31(25+6§4 db h@, @
S . S (S+ .
(s+4)"(s+6) /|- 4 S= 4 Recal:l g _ ds : ds
ds 9
d d
(s+6)| —(12s+64) |- (12:s+ 64)-| —(s+ 6)
d 12s+64 _ ds ds _ (s+6)-12- (12s+ 64)-1
ds (s+6) (s+6)° (s+6)°
_ (12-s+72)7122-5764 _ 8 : 8 8 _8_,_,
(s+6) (s+6) (s+ 6)2 . 2

ECE 3510 Lecture 4 notes Same results as above



Ex. 1 by the Mixed Method

12.s+ 64

(s+4)~(s+6)

Multiply both sides by:
12.s+ 64

Set s =-4

12-(-4) + 64
16

Set s =-6

12:(-6) + 64
-8

A B
— +
(s+4)

s+ 4

(st 4)%(s+ 6)

A-(s+4)(s+6) +

Back to equation above

12:s+ 64
12:s+ 64
0-52

no <2 term on the left

0 +

0 +
A-(s+ 4)(s+6) +
AL+ A10s+ A4 +
A-s +

ECE 3510 Lecture 4 notes p2

C
+ N
S+ 6
B-(st6) + C(sr4)?
B(4+6) + 0
2 B =8
0 +  C(6+4)° cC-2
(-2)?
B-(s+ 6) +  C(s+4)?
8+ 86 + C&£1C8siC16
0-52 + C-52 A-=--C
A=2

And the rule is: Get as many easy answers as possible before clearing fractions!

Fs) = 125164 _2 N 8 ., 2
(st 4)%(s+ 6) s+4 (s+4)? s+6
fity = (2™ +  8te + 2% U
f(ty =(2e* + ste® - 2% )y

Same results again

ECE 3510 Lecture 4 notes p2



ECE 3510 Partial Fraction Expansion Examples by the Mixed Method A-Stolp

1/16/06,

Ex. 1 Like Example 1 from Bodson section 2.2.4, but with more interesting numbers ;3\1/,8/22/33/212,
, ,
F(s) = 2:s +9s+15 - A + B + C
(s+2)%(s+ 3) s+2 (s+2)° st+3
Multiply both sides by:  (s+ 2)%(s+ 3)
22195115 = A(s+2)(s+3) + B(st3) + C(s+2)?
Set s =-2
2:(-2)%+9-2+15 = 0 + B(2+3) + 0
5 1 B =5
Set s =-3
2:(3)°+9-3:15 = 0 + 0 +  C(3+2)°
6 C(1)2 C-6
Back to equation above
262195115 = A(s+2)(s+3) + B(s+3) +  C(st+2)?
2.819s+15 = AL+AB5stAB + 58453 + C&iC4siCa
2.8 = A& + 0 + Cd A=2-C
A=—4
And the rule is: Get as many easy answers as possible before clearing fractions!
2
Hs) = 2s°+9s+15  _ 4 .\ 5 . 6
(s+2)%(s+ 3) (st2) (s+2)? (s+3)
f(ty =(-4e?" + 5te?t + e )un)
EX. 2  Like Example 2 Bodson
2 .
Fs) = 2+ Try to find factors of (1 4-s+ 13):  find roots > 4+ V4 =413 _ 5 4

S <52+ 4-s+ 13> 2

= complex numbers.. STOP!

If there are complex poles, then expect sines and cosines in the time domain. If the poles have real components
as well as imaginary components then the sines and cosines are multiplied by exponentials. The entries in the
Laplace transform table for these are:

lcof(bt) <=> %
(s—a)"+b
and  'sin(bt) <=> %
DON'T decompose like this: (s-a)"+b
F( S) = % _ é N B' . c
s(&+ 4513 s (s+2+3j) (s+2-3j)
Because that will only lead to complex exponentials which then
have to be changed to sines and cosine in a separate step.
It's much smarter to decompose to this form:
F(s) = AR - A, Blsd , Cb Because these forms
s-<52+ 4.5+ 13> S (s- a)2+ b? (s- a)2+ b? are in the table!

And the rule is: Only decompose to terms that are actually in the table!



Ex. 2, Continued

ECE 3510 Partial Fraction Expansion Examples p.2

Find aand b : 21 45413 = (s- a)2+b2 = & 2astra’ib?
4-s = -2-as a=-2
13 = 21 b? = (2% b?
b’= 9 b=3
Find aand b | 2
the easy way: Recall from above, roots of <52+ 4-s+ 13>: = w =—2+3] & -2- 3j
a =Re(-2+ 3j) a=-2 b:=Im(-2+ 3j) b=3
F(s) = 2:(s+1) 2:(s+1)
s-<52+ 4-s+ 13> s-[(s— a)2+ bz}
2:(s+1) _ A + B-(s- a) + C-b
s (s+2)2+ 32 s (s- a)%+ b2 (s- a)%+ b2
. . _ 2 2
Multiply both sides by: s/ (s+ 2)%+ 32
2.(s+ 1) = Al(s+2%+3%  + B(s+2)s + C3s
Set s=0  2(1) = Al(2)?% 3 + 0 + 0 A1:1—23
(2)%+ 3%=13
_ _ 2 2
Set s=2  2(1) = A{(0)%+ 3 + 0 + C3(2)
) =  9A +  6C C;:2+9'A = 22
_ 6 39
Back to equation above
2:(s+ 1) = Alfi4si13) + B(s+2)s + C3s
2.5+ 2 = A< A4siA13 + BS12Bs + 3Cs
0-& = A& + B B-A = 2
13

no <2 term on the left

An Alternate Way to find B and C
[(s+ 2)2+ 32}
2:(s+1)

Multiply both sides by:

With Complex arithmetic, this method is only easier if you
have a calculator that easily handles complex numbers.

= Alse22:28  + B(sr2) + cC3
S
Set s=-2+3j
2238t o A +  B(213:2)+ C3
-2+ 3] S
v2 A28 . A ¢ B@E) o+ C3
(-2-3j) -2+3j S
2:((2+9)+ (3-6))) - + B-(3)) + C-3
2%, 3°
22-6§ _ c 4+ B-j _ _
133 _ 22 _ 6 _ 2 ECE 3510 Partial Fraction
39 39 13 Expansion Examples p.2



Ex. 2, Continued
2:(s+1)

F(s) =
s-<52+ 4.5+ 13>

f(t)

EX. 2.2 Another like Example 2,

ECE 3510 Partial Fraction Expansion Examples p.3

_ A B-(s- a) Cb
= = + —= = +
S (s a)+ b’ (s- a)%+ b
- 21, 2 (st , 2 3
13s  13(s; 2208 39 (s 2)% 3
2 2 ot 22 2t .
- = = Z.e“coy3t) + =Sesin(3t) | u(t)
13 ( 39

= L(6-6e?lcoyat) - 2262

.sin(3-t) -
- sin(3-t))-u(t)

with different numbers and method (Not done in class)

F(s) = 130(s+ 1) = Ay B-(s-2) C-b Because these forms
(s+2)-(£+ 65+ 34 S+ 2 (2: 65134 (16534 are in the table!
-2a=6
- a2=h2=34
a=-3 b = 34-&=5
Multiply both sides by:  (s+2) Set si=-2
130(s+ 1) - A 4 B-(s- a) + C-b (s+2)
(& 651 34 (165134 (216534
1320((72)+ 1) A . 0
(224 6(2)+34
130 = 130_ = A
4-12.34 26
Multiply both sides by:  (s?+ 6-s+34)  Set s=-3 5j
130(s+ 1) A (2i6s:34 + B(st3) + C5
S+ 2 S+ 2
130C3+5c1) A g + B(3+5:3)+ C5
-3+ 5]+ 2 S+ 2
(-1- 5]_) 130(—2+_5]) _ 0 + B-(5j) + C.5
(-1-5j)) -1+5j
130((2+ 25)%(107 5)]) - + B'(5j) + C-5
124 5
130(((-1)-(-2) + (-5))-(5))) + (- 1)-(5)) + (- 5))-(- 2))) B-(5j) + C.5
(1+25
130(27+ 5:)) = 27 +5] - B + c
265
B=5 C= 27
o) - 130(s+ 1) _ . ;5-(s+ 3) : 275
(s+2)- (L1 6.5+ 34) S+ 2 (+6s-34)  (L+65+34
fit) = | 52" + 5etco(5t) + 27€sin(5t) | )

ECE 3510 Partial Fraction Expansion Examples p.3



ECE 3510 Partial Fraction Expansion Examples p.4

2
Ex. 3 Hs) - 92-5 - 9-sz+ 36
<s + 1>-<s + 4>
DON'T decompose like this: or even this:
95 9s136 A B’ c D’ _ A"s{B" C"stD"
F(s) =-————~ = —+ —+ —+ - =
(2 1).( 4) (sti) (s—i) (s+2)) (s 2j (2+1)  (2+4)

Look at the table first, to see what you should aim for.

It's much smarter to decompose to this form: or, if you prefer:
95 95+ 36 _ As B-aj Cs D-aj _ AstBa; Cs+Dap
Fs) = 2 T 2 2 2 2 (2 .2 (2 .2 T2 T2
<S+1>-<S+4> <s+a1> <s+a1> <s+a2> <s+a2> <s+1> <s+4>

_ _ o _ which is the same thin
al‘—[l a;=1 a2‘—ﬁ as=2 9

A-s N B-1 N Cs N D-2
<52+12> <52+12> <52+22> <52+22>

Multiply both sides by: ~ ($2+ 1)-(£+ 4)

9¢ 95136 = As(2+2?)B1(+ 29 cs(?r1d)+ D2 (&4 12
Set s::ﬁ
9 95136 = Ajl1+29B1(1:28) + o0 + 0
3 3
9j°-9j+36 = Aj3 + B3
-9+ 27 A=-3 B =9 A and B must be real because of the way that

we have decomposed the transform. The time
functions cannot have unreal coefficients

Set s::ﬁ
2 . _ . 2 2
9-(2)% 9(2§)+36 = 0 + 0 + c2jl4:1?)p2(4:1?
3 3
36— 18j+ 36 6§-C 6D

C =3 D =0

2
9-s- 9:s+ 36 -3s 91 3-s 0-2
F(s) = 2>~ 95F90 i N

<52+ 1>-<52+ 4> <52+ 12> . <52+ 12> <52+ 22> <52+ 22>

f(t) ((-3)-cos(1-t) + 9-sin(1-t) + 3-coy(2-t) + O-sin(2-t))-u(t)

((-3)-cog(1-t) + 9:sin(1-t) + 3-cos(2:t))-u(t)

ECE 3510 Partial Fraction Expansion Examples p.4



ECE 3510 Partial Fraction Expansion Examples p.5
EX. 4  Like Example 3 (Not done in class)

2
F(s) = % Try to find factors of <52+ 4-s+ 20> : w:i +4] & -2-4j
2
<5 + A4S+ 20> = complex numbers.. STOP!
Decompose to: eat-cos(b-t) <=> % a=-Re(-2+4) a=-2
(s-a)7+b b =Im(2+4j) b=4
Slsinbt)  <=> b
(s— a)2+ b?
2 2
and t-e*lcog(bt) <=> (s-a)°- b
[(s— a)2+ bz}z
telsinbt) <=>  20(s-3) .
(- @)% b2
Decompose to this form:
Fe) - 12 _ A(s-a . Bb _ cl(sa’ b} | D(2b(s-a)
2 2 2 2 2 2 2
[(s- a2+ b (s-a)+b (s-a)°+b [(s- @)+ b [(s- a2+ b
2 2
Multiply both sides by: | (s+2)%+ 4% = (&4 4.5+ 20)
12 = A(st2)- (€1 4sy 20 + B4 454 20) v Cl(s+2)?- 43 + D(24(s:-2)
Set s:i=-2
2= 0 + B-64 +  C(0-16) +
12 = BG4 C.16 . C = 12-64B
16

Back to equation above

12 = A+ 4AL+20A-5+ 2A-°+ 8A-s+ 40A  + 4B-$+ 16B-s+ 100B + C-s°+ 4.Cs— 12C + 8D-s+ 16D

A 6AL 1 28A-s+ 40A  + 4B-s°+ 16B-s+ 100B + Cs°+ 4Cs- 12C + 8D-st 16D
08 = AS A -0

0 = 6-A-S + 4.B.& + C& aB= c = 2-64B 5 12
0 16 128
o 12:64B _ -12:6 _
16 16
0s = 28A + 16B-s + 4.Cs + 8D-s
0 = 0 + 162 + 4 3 + 8D
32 8
15 - 15 + 8D D=0
3 Bl(s- a2 12
o) = 2 = 0 . s 0
[(s- a)%+ b2 (s-a)°+b (s @2 b7
f(t)y = 3 e2tsinat) — Ste?lco(at) | u(t)
32 8

ECE 3510 Partial Fraction Expansion Examples p.5



ECE 3510 Partial Fraction Expansion Examples p.6
EX. 4.2 Another like Example 3, but with more interesting numbers
256(s+ 5)

F(s) = Try to find factors of <52+ 4.5+ 68>
2 2
<s +4-s+ 68>
From Laplace table: e*sin(b-t) <=> b
(s a)+ b’
leogbt) <=> &
(s a)+ b’
2 2
t-etcoy(bt) <=> L’bz
(s~ )+ b’
teflsin(bt) <=> Lﬂ"‘)z
(s~ )+ b’
Decompose to:
F(s) = 256(s+ 5) . A-(s; a) . B-g . +
<52+ 45+ 68> (s-a)"+b (s-a)"+b

. . _ 2 S22
Multiply both sides by: [(s+ 2)"+8 }

256(s+5) = A(s+2)|(s+2)2+8 + B-8|(s+2)%+8
Set si=-2
256( 2+ 5) =768 = 0 + B-8(0+ &)
g®=512

Back to equation above

256(s+5) = Als(+4s:68+2(rasi68] + B8(P+asi68 + Cl(sr2)2-8 + D(28(s+2)
= ASt A4S AB8st A2t ABst A136+ B-8:s*+ B-32s+ B-544+ C-s*+ C-4-s— C-60+ D-165+ D-32
0-53 = A-53 A=0
08 = 04§ + 028 + B8 + C¥
0o = B8 + C = B8:(12:8B)
B = 172 = §
16 4
C= 12+8B = 712+8-§:*6
2565 = 0-68s + 0-8s + B-32s + C4s + D-16s
256 = + 0.7532 - 64 + D16
oo 256-24:24 .
16
b
256(s+ 5) 4 cl(s+2)2- & D-(2:8(s+ 2))
e = 0 e e O R SR
(24 45+ 68 (s+2)%+ 8 [(s+2)2+ 8] [(s+2)2+ &
- - f(t) = 3e%sin(gt) — 6telco(st) + 16telsin(at) | u(t)
ECE 3510 Partial Fraction 4 :
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2 .
A A8, e e o g

? = complex numbers.. STOP!
a =Re(-2+ 8j) a=-2
b:=Im(-2+ 8j) b=8

1 4si68
(s a)+ b’
(s+ 2)2+ g2

S 4si 4164

2 2 .2
s —-2as+a+b

cl(s- a)?- v
[(s— a)2+ bz}z

D-(2:b:(s- a))
[(s— a)2+ bz}z

2. 45— 60

(s+2)°- 8

+ Cl(s+2)? 8 + D(28(s+2))

clo- &)
64

768
C

512B - 64C
-12+ 8B



ECE 3510 Finish Ch 2 A. Stolp

1/25/09
Non-strictly-proper transforms  section 2.2.5, in Bodson text 1/19/16

What if the order of the numerator is equal to or even greater than the order of the denominator? m=n ?

2 -~
Example: F(s) = 28 +100 m =2

i 8s+4l n-=2

First divide, before partial fraction expansion <1 8st41 2.$ 1 0-s+ 100

"remainder"

—h

—

=
1

Delta functions are not very common in real life.
Non-strictly-proper transforms are just as common.

Properties of Signals can you tell what f(t) must be just by looking at F(s)? YES, somewhat...
s+5 SEE last page of Lect 2 & 3 notes

s+ 45+ 13)-(s- 10)

s+5
s+ 64)(s+ 10)

s+5
s(£- 4.5+ 13)-(s+ 10)

s+5

s(2+ a5+ 13)°(s+ 10)

s+5

2
S (24 45+ 13 (s+ 10)2

ECE 3510 Finish Ch 2



ECE 3510 homework 3a Due: Sat, 1/21/23
1. Find the inverse Laplace transform of each of the following functions:

Use partial fraction expansion and the tables.

1 s—-1
a) Fs)= —FF— b) F(s) =
. 55+6 ) s(s+2)
ECE 3510 homework 3b Due: Tue, 1/24

2. Find the inverse Laplace transform of each of the following functions:

Use the mixed method and the tables.

a) K(s) = % b) F(s) = ;2 c) K(s) = s
(24 1).(21 4) (s+2)(s+1) 212842
4
}-s3+ St s
@ R = oot &) () = 2
s+(s+1) ) -<52+ 2:s+ 5>
3. K(s) = 5;12 Show the form of f(t) without actually finding it.
S <52 L 25t 5) Indicate which of the coefficients may not be 0

4. Problem 2.3a - f in textbook (p.33)

As part of your work to reach a solution, draw the pole diagram for each.

Answers  (time functions below valid for t > 0 only)

1. a) (62 &Y.yt b) (3-e2't 1)-u(t)
2 2
2.a) (cos(t) + 2-sin(t) - cos(2-t) - sin(2:t))-u(t) b) (e2'+te'-el-uw)
c) (2-et-cos<i-t ~ 4e'sin it) -u(t) d) <4-t— 4-t-e’t>-u(t) e) %-H%-e’t-cos(z-t) -u(t)

3. (A1 Bty Ct2y D-ecos(bt) + E-€®lsin(b-t) + Ft-etcos(b-t) + Gt-e2lsin(b-t))-u(t)
Cmaynotbe O & Either For Gmay be 0, but NOT BOTH

Alternate solution:

<A+ Bt Ct°+ oD%+ E%e*  cos(b-t + 0) + A/ F*+ G>t-6*"cos(b-t + (p)>-u(t)
Cantbe0: C & +FP+¢G&

4., Bounded Converges f(0)
a) yes yes 0
b) yes yes 1
2
c) no
d) yes yes 5
e) yes no

) no ECE 3510 homework 3



