ELCE 2260 HOMEWORK #1 prob 5 solution U
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A 12 V power supply drives a long wire, (modeled as L and Ry), followed by a
short wire, R, and a smoothing capacitor, C. There is a safety switch, located

before the smoothing capacitor, to turn off the output at the remote end. The
switch is closed for a long time before opening at t = 0.

L=2uH R1 =202 Rpy=0.19Q2 C=200uF
a) Find the characteristic roots, 5| and s, for the above circuit.
b) Find vy for 1> 0.

soln: For +70, +the switch is open and +the
twe R's may be combined as ReR,+R;.

Te determine whether we have q
series or parallel RLC, we turn off
any sources,(a V-3r¢ becomes a wire,
and an {-3rc becomes an open ). Here,
we turn off bhe 2V source and Find
that we have a4 serces RLC,

Thus, « = R = R/+Rx = 2a+vo.in
ZL 2L Z2(2uhl)
= 2.l /3 = 525k/s
o
As always, wg = L = _I /st= (J_)l
< Zu - 2004 20

we = (50k)" /8?2



Our characteristi¢ roots are

—a t VO(. - w}
Sl,z = - 525k t}/<525' k)l- (SOK) * /s
The <rcwit is overolmup ecdd and Ahas

one root close to zero (becquse
Sok << 525k ).

Sl)'l

{

While we could just use a calcuquor
it is /nstryctive +o use an afﬁrox~
ima€teon method 'l‘:/)q‘b well wor

even wihen &3> wS.

We First write the V ' in the form
I-x " where O<x<<]|,

S, = ~ 525k ¥ S254k /1 - (80
525

The next step /s to use a truncated
Tay lor  series +to write an approx-
cmation.

f(x) = ‘f—(o) + al-f(x)\ x o+ ...
For F(x)< YI-x

We Aarve o(f-(x)\ (lsx) (—l)

d=x x=0

x=0

x=0
L,

——
—

L
z

Siace (o) = /1~0 =! we have
VI‘X = [ ~ lz.x +

1

.o,



We Mighf be '(:QMF'EQA to use VI-'x 4’1,
but +his ap roximation would pe +oo
coarse. T¢ would (ead us to conclude
that one

characteristiec rooct
which woulA

o(emys.

ts zZero,
imply a solh -Lthat never
Farthermore, we would be

Unqble to match (nitial conditions for
both (. and C, owcn

to /‘lqrc'nj too
few +terms

cn our Soln. @e <A, could
be absorbedd by the Az term, see below)
So we use “l""x R

* & - L %, oltw/a/oc:nj
the Sn;q//er‘, Aigher order terms in

x*, x°, ete¢. “These term3 will be
very small scnce x (s small.

-
3+
S,,, £ —525k T 525K (1 - L sg)
" 2\525 )
3, ¥ ~ S25k+ 525Kk (0.995) ©.00453S

L]
or 5, 2 -525Kk(1-0,995) = -525k (0.0045)

or S & -2 4%k rA

and 35,  ~525k ~ 525k (0.995)

B2 ® ~525k(2) = -L.OS M r/8

Note: We Mmay Use tAe a/a/:rox}mq{_[on
Ty For s, because oar

error Wil be small percentage -

wese relqtive +o the size of s, .

Sumuqy-y: S, % ~2.% Kk /s $,x~1.05Mp/s

We have two real qnd distinet roots: under-
dam pea.



b) For the umo{erolqmpeof case our solh (g
St Set
vo%({>o)=A,e + A,e T+ A
t
Because es' and e Sat are decayin

]
exPonen'f:quS, as t>a® we Aave v, ->A3

SD A 3= Vpu-l; ('t—’”)

Tn our c.lrcurt M°0|€\ for tom, we
qssume c 's and v's stabilize. Since
t!s and v's are not Chqnjcnj, we have

Vi=btddt =L-0 =0 > L acts Uke a

dt wire (comies i
with no V—JMP)
le=Cdv =C-0=0 2 C acts (/ke an
ott open (v~olr0/> but
no
teo: Ry Ra

Because of +the open c, ‘l:he current

:F’Ou)(,ny around +the c:rcurl; ts zero. This
means” the

vo(taqge dm 5 across R, andl
R, are &ero b Am5 rqw

Can!eéuenﬂ
we /\qve Q /ZV drop acrossy qnchj

A-s: Vout ("t"’w) = IZV

To Find A, and Az, we use thitial
conditions.



st St
Vout ('E:O“') = AIQ. + Aje + A3

ot ot
‘-‘.A‘Q {‘Aze +

—~
—

From our circuct, we determine +he
value of vout(o-l-). To do 50, we need
to know what the L and C are doihj-
Fortuna‘l:tl)', iL andl Vo are ener

var( s s = 1 LR = 2
arcables W, = Ltq and W, %CVC-

Ene,ra)/ cannot change tnstantly, sp
i (0%) = £, €07) and velo¥) = ve (o).

At -é:O-I we may assume the circut

hqs siqb[(;e.ea’ , anol we May, treat +the

L asa wire gpl the C gs an open.
- Rlov Rz

"::O i

| L 2o °.l_n_'+
2V

Note: We onl

Since Qn

other ( or v may, chaayc
when the switch moves.

')cinal (:L qno{ Ve qt +tz0~

The switech in the middle qllows us to
separate the c)rcui*b‘in-l:o two sides,
as it creates two <ircuits (n parallel
across a v-src. In this cqse, the v-spd

LS OV for the sShort dircuit formed lo),
the switch.

We Can ‘1190 sa.y we /\que oy /oeéween R, {R;
as our node vaH:qge..

. O
A+ Ay s 12V, since e

t=0'

+

= |



Ve ::0+

At t=0" we can model +the L and ¢ ad
sources,’ since i, (o%)=(, (07), Ve (0*)=v,(07),
and any domponent whose ( or v LS
Kr}own may be re,:lqc‘eol hy a source

with <+hqt Lt or v value.

Since v

out = V¢, we have Vou.-e<°+)= ov.

Thusl A;+Az+ 12y = oy

We neeel one more eahm in order 4o
hqve “two 25’1\5

In two unkpowny
that we cqn Solve for Al and Az,

What we need (s a scln L, Vout €4)
that matches the (nitiq( conditions fon
Landl C. Our vy (0%) matehes the
enitiql C‘Ohﬂli'ﬁ/‘aﬂs For C'/ byt we need
t to also give the correct (-

We observe that (, = (g = Coave =Cd vpge

ot d€
S0 we haye Avout = cefot)= 6A < 30KV(s
-+
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Our 3ol form For Vou-(:('ﬁ) 9'“'65
s,t +
:l_%cvmd;(*:) = Az + AzSzesz

tzot

= A8, + Ass,

So we Hhave A S + AZSZ ~ 30 K V/3.
and, from before, A1+ A+ Az = oy, Ay=RV

Solving the 2™ egyy gives
Ary= -1V - A,
Substituting this into the Firsl ep’n gives
A,s, + (- l2v-A4,)g, = 30k v/3
A(s,-8.) = 12v S, + 30kV/3

We can get a more accumate answer
by analyti,f\] Si-3,¢

R LR i sy
S 2 WE 1;7’-(525/0(0-‘7‘1 5) v

e 1.5 M (0.7‘75) ris  $mall (<12 em

So A% 12V(- LosM r/y) 4 30K y/g  HFignored)
LOSPY 0q95N/s
Al e A *'2.06\/

From equle.r,, A‘ + AZ +12V = OV so Az=0.06V.

~24k/st ~Losym/t
+ 1

Thus, vo, e (£>0) = ~12.04ve ¥ 0.06e

2y
Al{ern:ﬁ:{ve View:



In the above discussion, the soln was
matchedto tnitial conditions For the
L and d explicitly. T& +turns oqt
the key to finding coefficients A,
and A, (s a(wa)/s to determine the
valye of dv/dt (or di./alt) from the
Sircait aqnd match it to e symbolic
So[").

The /orob/em (s that one mast fipd

the ' derivative of the solh before
Khow cn the sSoln! 7#is ,S'ee/no"a_j
dontradiction (s resolved by observen
that the Componenat e as  for L cmj

C relate derivatives “to non~derijvatives.

v, =Ldc, e = € dve
At At

uSi.n‘? fllese e /’;5 is the wa we
find! the derlpat/re of our’ folh.
L+ we are solving for & or y,, our

task s Simlg/e—_ we need oa[\/ Fond
4

L or I:C‘:
dig = @), dvel < i

1’,4:/ howeue_r; we hque an arb}{,pqp

< onr v, the c(dea (s +to wrcte {:Zq/{:
Lo~ v ch terms of (, and vy, (plas
GOM/Oa/)Q/I‘é or Sodrc® yalyeg) Then
we “can AiFfereqstiate to get dL/dQ
or dv/dt n terms of GU,I_/OH: and or
dve /d+.



There are some suybtleties 4o be
observed here:l)the empression for
¢ or V en fErv;zs of ¢, end v must
be val,d over €20, not  just at {:o}'
ancl Y ¢4e ex/or‘e_ss«bn or ¢ or b mast
be O(Er\fx/qéire.—free, otierwi.se t
will <contacn 2 Aerivatives when
Ofl.ffEPe/){’/:q'éed. Cond;<con (I) /S
necessary in order for~ the dertyvatiye
to be valid, and cond;tion z) /s
necessqry to avold <reatinqg +terms
WAsch we are upgble evaludte.

L£: Su pose we  were askeoA to
#cfal Vi (€) for 420 in this
problem. R, Re

L
—_ — V.
+ v, {{ d

We want 4o write v, i1 terms
oF¥ [, anc/or Vai. We +turn Lo
K;rc#éoff’s an Ohm's [ quws.

12y

“Sinj A V-loop qnol  the Fact
'M‘l‘é L‘L f/ow: ‘fﬁrq A’l qﬂd Rzl

we Aqve .
s = (2= (RtRe) - ve
[«}
O‘VL = di‘. -\(Kl f,ea) - ch‘J
At ot ot i ot
or aﬂq_, = Y ) (R, +r,) = ce(ot)
ot |t L c

A visuql aid to finding the egh
L3 to replace the L andl € with Sources,



Wsing suptrposition, we find v, :

case L: 12V, ¢ off | vo off
* Vu~- R, R2

A AN
O#: —b:“—’ .
1Ry open =0 q okf = wirt

Since o eurrent -flowsl there (s
No dro'a across ‘L'/le K’a‘ and

all tAe Vo/éq]e cs alm/a/oea/ across
the gap at vy

VLl = |2V

dase IL: la2y a‘FJ:/ "L on, Ve off
+ VLZ - KR, Rz

A2

“Vie T 4R -y Ry OV
iz =~ (R, Re)
case I[- 12V off, ¢, off, Ve on

+UL3- R, R‘{
WA

=0 wr.a




Since no current ;Hmos Hhere ¢s
no v-drop qcress z‘/ie R's and
V, mast be ~v. so that e
‘d/\o/d.'f aroand ~ the [oo/o sum
‘o zeso.

Via = T\¢

-

Comblnins resuH:S/ we hqve

VLz Vi +VL1 + V(_3 = l2-( (k ff}-t&

ThLs resalt (s the eg " s4daq z’:eo/ earlier,
as promised. We ‘then Lake A/t ok
cs  endire egn, 7 as explacned earlier



