ELCE 2240 HOMEWORK #12 prob 3c solution U
N. Cotter F13

Ex: Find the inverse Laplace transform for the following expression:
2
F(s)=— 3s 4+ 3
s

SOL'N:  When there is a repeated root, each power of the root appears in the partial
fraction expansion, (along with the usual partial fraction terms for any
other distinct roots, if any —in this case there are no others).

F(s):A—i+A—32+A—23+ﬂ
s s s N

We find A by multiplying by the highest power of the root and evaluating

at the value of the root:

A =5"F(s)| _,=-(3s°+3) , =3
S:

To see why this works, we can perform the same operation on the partial

fraction expression:

s*F (S)|s=0 =

s4 s3 s2 s

4 4 4 4
S A1+S A2+S A3+S A4]
s=0
or
STF(9)] _g= A1 +0- Ay +0- A3+0- Ay = A,
We might suppose that we would find Ay by multiplying by s3 and
evaluating at the root, but this causes the A; term to be divided by zero.

Thus, this approach is incorrect.

Instead, we differentiate s*F(s) and evaluate at the value of the root.

Symbolically, we have the following equation:

4 4 4 4
A2={i[s4F(s)]} _|dis A sy 54y 5 A
dt =0 dt s4 53 52 S 0
s:

or

gl

:|:i(A1 + SA2 + S2A3 + S3A4)

s= s=0



or

=0+ Ay +2-0-A3+3-024, = Ay

Ay = [o + Ay +25A3+ 3s2A4]
s=0

NOTE: We differentiate first. Then we substitute the value of the root.
If we substitute the value of the root first, the derivative will

always be zero, (since the derivative of a constant is zero).

Here, we obtain the following result:

w{ghrol]-{gher o)

To find A3, we differentiate s4F(s) again and evaluate at the value of the

= —6s|s=0 =0
s=0

root, but now we must divide by two:

2
Ay= %{% [S4F(s)]} = %[%(Az +25A5+35°A, )]s:o

s=0

or

1 1
Ay = 5{2A3 +2- 3544} = E{2A3 +2:3:0- A4} _ =43

Here, we obtain the following result:

1] d? 1] d 1
Az = 5{? [S4F(S)]} E{E [—65]}‘ Y = 5{_6}|S:0 =3

To find A4, we differentiate s4F(s) again and evaluate at the value of the

s=0

root, but we must divide by three factorial. (In general, we divide by n!):

3
1) dP . 1[da |

s=0
or

1
Ay = 5[2' 344]_y= A4

Here, we obtain the following result:



3
1)d 1)d
A4:§{—3[S4F<s>]} Skl =
Yo dr 0 lat =0
We have completed the partial fraction expansion:
F(s):_—j+%+_—23+9
S s 8 S
NOTE: This problem is simple enough that we could obtain the same

result by rewriting F(s), (but this is usually not the case):

3s2+3_—_3+—_3
S4 S2 S4

F(s)=—

NOTE: Other methods of finding partial fraction coefficients, such as
substituting specific values of s (not equal to roots), will also
lead to the same results. In a problem with four coefficients,
however, we would obtain four equations in four unknowns.

This may prove more cumbersome than the above approach.

For the inverse transform, we use the following transform pair:

L_l 1 — tn_] e—at
(s+a)"] (=D
This yields our final result:

3 t3

t
)=-3—-3t=——-3t
f==3~ 5




