ELCE 2240 HOMEWORK #10 prob 4 solution U
N. Cotter

EX:
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12V (i) Cc__ Vout

- O —
A 12 V power supply drives a long wire, (modeled as L and R;), followed by a
short wire, Ry, and a smoothing capacitor, C. There is a safety switch, located

before the smoothing capacitor, to turn off the output at the remote end. The
switch is closed for a long time before opening at # = 0.

L=2uH R1=20Q Ry=0.1Q C =200 uF
a) Find the characteristic roots, s1 and s, for the above circuit.
b) Find vgy for £ > 0.

soln: For +70, +the switch

is open and <the
two

R's may be combined as ReR,+R;.

Te determine whether we have q
series or quqllel. RLC, we turn off
any sources,(a V-3rc becomes a wire,
and an ([~ 3Src becomes an open ). Here,
we turn off +bhe (2V source and Find
that we have q serices RLC,.

T'husi A = R = R|+R1 = 2SI+ 0.ln

ZL 2L 2 (2 uult)
= 2.1 /3 = 525k/s
AV
As always, w: = |

2 2
<< 1‘2,4-200/4 20,
ws = (S0K)" /3?



Our characteristi¢ roots are

—at VOC. - w}
S,z = ~ 525k TY(525K) "= (s0K) *

The crewit is overdamped and has
one root close to zero (because
Sok << 525k ).

SI)'Z.

{

While we could jus‘l: use «q cqlcuquor;
it is /nstructive +o use an

app rox-
ima€con method 1‘:/)4"& will work
even when &3> wr.

We First write the V 7 in the form
,V-_\'l

I-x " where O<x<<]|,

S, = ~ 525k ¥ s25K /1 - (50
525

TAe next s-l:ep
Taylol“
tcmation.

F(x)

I15 to use a truncated
series to write an approx -

= {6) + A:F(x) \

L B
For F(x) < ‘Jl—-x x=o
We Ahare d§(x) \ (l ~x) (-!)
dx

X=0

Xx=0

Siace (o) = J1-0
VI‘X = [ ~ L
A



We Mighf be {:QMF'EQA to use {1-x 4’1,
but this approximation would pe +oo
coarse.,

Tt would (ead us to conclude
that one characteristic root is Z2ero,

which wouldA imply a solih that never
decay-s5. Farthermore, we wonld ke
Unqble to match i(nitial conditions for
both L and c, owcn to hqvin too
few Eterms in our solfn. @S °£=ﬁ1 could
be absorbed b)r the A3 term, see below)

So we use “l—"x &

* & - L %, dro/o,oc:nj
the smaller, Aigher order~ terms in

x*, x3 etd. “These terms will be
very small scnce x (s small.

+ ‘z
S, , ® -525k ¥ S5k (1 - L s_o)
" 2\525 )
3, ¥ = 525k + 525K (0.995) ©.00453S
']
o s, & -525k(1-0,995) = ~525k (0.0045)
or S & —-2.4% K h/s

and s, £ ~525k - 525k (0.995)

B2 ® ~525k(2) = -L.OS M (/3

Note: We may use tAe upproximation
li-x"e&1l for S, because oar

error Wil be small percemtage -

wese relqtive +o the sixe of s, .

Sumuqy-y: S, #® -2 4% Kk ~/s Szt~l-05Mr/S

We have two real aqnd distinet roots: under-
damped.



b) For the unalera(QMped case our soln (g
St St
VOL(-E, ("‘. )o) = A' e + Aze * + A3
Because es't and e°:t are alemyc.ng
exponentials, qs t>m we have Vour> As-

SO A3= Vout ('E_’w)

Tn our c.lrc.urt M°0|€l for tom, we
qssu\me c 's and v's stabilize. Since
t's and v's are not chqnjcny, we have

VL:L“Z(—" =L-0 =0 => L' acts (ke a
dt wire (comies L
with no y-dmp)

le=Cdv =C-0=0 % C acts l/ke an
ot open (v-drop but
no ¢
£$W: R‘ R2

* A +
wire &:ﬂ——-"“a-l
'2v Speh | Vout (t2e0) = 1

Because of +the open c, ‘l:he current
'F’Ou)(,nj around +the c:!‘cux,-b Ls Zero. This
means”  the vo(tqqe o‘rors acros s R and

Ry are &ero by Ghms [quw. Canﬁe uen-l:(
we l\qve Q /ZV drop acrosy éqncnj

A3: Vout (‘t+oo) = IZV

To Find A, and Az, we uyse

thitial
conditions,



st St
Vout (E:O“’) = A,Q + Aje + A3
o+ + t=0
Ae” + ALe® + a2y

i

+
. O
= A+ Ag + 12y, sincee _ |

From ouyr circ‘ui-&;, we determine the
valuf of vout(oi-). To do S0, we need
to know th_‘l: the L and C are doihj.
FOH:una‘l:t\)', t, and Vo are energy
variables: w = Lt apd W, =-§C’V:.

Ene,ra)/ cannot change tnstantly, sp
i (0%) = £, €07) andd velO¥) = ve (o).

At -é:O-I we may assume the circut

has stabilized , andl we may, treat +he

L asa wire gpol the C gs an open.
- Rlov Rz

"::O -

? 2. °‘.l_n_l +

\2v L Ve
v
Note: We only Find ¢, \qno{ Ve at 4=zo0”

since any other ¢ or v may chanyc
when the switch moves.

The switech in the middle qllows us to
separate the c)rcui*b‘in-l:o two sides,
as it creates two <ircuirts (n parallel
across a v-src. In this dqse, the v-spid
Ls OV for the short dircuit —for‘meal k}y
the switch,

We Can ‘1190 sa.y we /\que oy /DE'éloeen R, {Rz
as our node vaH:qge..



R2=0.l5

Ve

-t
2n Ve =0

At Lot we

sources ® since i, (o%*)=(,(07)
and any component i

Known may be replaced by a source
with that [ ,n v value.

can model +he L and C g4

Ve (ot)= Ve (o‘)/

whose L or v is

Since Voo = Ve, we have Vour (0F) < oy,
Thus,

A"‘l‘ AZ + 2y = OV

we needl one more e ‘1 in order +o
hqve +two Qgrn,s ] wo unkapownys
that we cqn Solve -for /4, and /)2,

What we peed (s a
thqt matches the (nitiq( conditions for
L aqnedd . Our Vout (0*) mateches the

cnitiqal comditions for C, b4t we need
¢t €o also give the correct (-

sclip .,Co’.. Vout [‘é)

We observe that (, =iy = Coave =Cd vpge

ot d€
S0 we haye Avout = ca(ot)= 6A s 30KkV(s
-+

tot c 200M F



Our 3olh form For Vout (+) gives

st +
j_%cvou't('&) = A:S.ﬁ +A2S2e52

tsot +=o'

1}

= A8, + As,

So we have A, S, + AZSZ = 30K V/S»
andl; from before, A1+Az+ Az = oV, A4,=RV

Solving +he 274

egh gives
Ary= -1V - A,
Substituting this into the Firsl eph gives
Arsp+(-12v-4,)3, = 30k v/
A (S,"’SJ =12V 5, + 30kV/3

We can get a more accurate answer
by analytif\] Si-3,¢

5.”31 = - J0~J°<1“""02 ﬁ(“x~ oc,?—wo"-)
M R LY CRT T i

21T & 105 M (0.995) ris  $malt (<17, erm

So AL & 12V(- LoSTr/s) 4 30K g ¥ ignered)

LOSP)(0795N/s

From eqr(ie.r,, A‘ + AZ +12V = OV so Az=0.06v.

“2Ak/st syt

Al{ernﬂ'{:l‘b’e View:



Tn the above discassion, the soln was
matchedto tnitial conditions Jor the
L and <@ explicitly. Tt +tarns oqt
the key to finding coefficients A,
and A, (s a(wa)/s to determine the
value of dv/dt (or disdt) from +the
Sircait aqnd match [t to the symbolic
So[").

The /or‘ob/em ts that one muast Find

the ' dderivative of +the solh before
Knowing the sol'n! 74:s ,S'eeminj
dentradiction [s reso/ved 6/V observen
that the componeat eghs Ffor L cmj

C relate derivatives “to non~derivatives.

v, =bdc, e = € v
At At

uSiny f/lese e /’;5 (s the wa we
find! the derl,at;/re of our’ folh.
L+ we are solving For 4 or y,, our

task s Simple:"we neect only " find
v

L or [d:
dig = Vi(et), dve| = (.

1'.-,(:/ howeve_r; we hque an qrb}{-pqp
¢ onr v, the c(dea (s +to wrcte \‘X;”é
L o~ Vv (n terms of (, and vy, (/o/a.s
Com ponent or Sodrce valqes) Then
we “can Aifferestiate to get di./c/f

or dv/dt (n terms of diL/dEt and o
e Tie rm e/ q r



There are some subtleties +o be
observed here:l)the Rxpression  for
¢ or V ¢n terms of ¢, and Ve mu st
be val;4d over €20, not as‘t at +£- o.
qno{ Z)tée Q«’f/or‘ejs{_ﬂ/ﬂ ;’“"‘ C Oor b mdst
be derjvat;ie- free, otierwise ot
will contacn 279 derivatives when
of/'ffer-enz.‘gq'éed Conditcon (1) Js
necessary in order for~ +he derlvatiyve
to be valid, and cond ¢ on ) /s
aecessqr;y to avoid <reating +terss
WAsch we are upqble evalydte.

2x: Su pose we were askes +o
/C-/ Vi (t) For t20 in ¢h.s
/Dmé/e/rl R, Re

12y +“§;L-— — V¢

We meé Zo tvrt,te v, a1 terms

and /or . Ue turn o
ch/fé:;ff’s an Ohm's [ quws.

Hs;nj 4 V-loop qnol  the Fact
that ¢ Flows thra R, and R,

we Aqre .
s L= IRV = C (Rothy) - e
(=)
dVL < ALL *(Ki fﬁa) - ch‘]
o TE =
or dv,_] = Y %) (R, +R,) = ce(ot)
olt C c

A visual aid +to fzhalj the egh
c

s 4o rerlqce the L an with Sourdes .



Wsing suptrposition, we find v, -

Case T: 2v, [‘L af)f/ Ve off
+ Vg~ R R2

2y off = wire

Since no eurrent flows, there (s
No droF across 'E/ze K’d and

q// tAe voltage (s olrv/a/ea, across
the gap at v, -
VLl = |2V

dase IL: 12V ofF, (00, ve off
+ VLZ - Kl RZ




Since no current ;Hows Hhere ¢s
ro v-drop qcress z‘/ie R's and
V, mast be ~v. so that e
‘d/\o/d.'f aroand  the [oo/o sum
‘o zeso.

Comblnins resuH:S/ we hqve

VLz Vi +VL1 + V(_3 = l2-( (k ff}—t&

ThLs resalt (s the eg 2 sdaq z’:eo/ earlier,
as promised. We ‘then Lake A/t ok
cs  endire egn, 72, as exo/lained earl/er



