ECE 2210/00
Phasor analysis with impedances

Sinusoidal AC

T+ amplitude |4

period, T

y(t)

Phasor analysis

Euler's equation da= cos(a) + j-sin(a) cos(a)

OR:

sin(@)

O = cog(wrtt 0) +jsin(wt+ 0)

Re{é'(w't*e)J = cos(wt+ 0)

If we freeze this at time t=0, then we can represent cos(wt+ 0)

Phasor
voltage: v(t) = Vp-cos(oo-t+ (0)] V(w) = Vp-ej"p
current: i(t) = Ip-cos(oo-t+(p) I(w) = Ip-ej"p

Phasors are used for adding and subtracting sinusoidal waveforms.

Ex1. Add the sinusoidal voltages v ¢(t) = 4.5-V-cos(w-t- 30-deg)

and Vvo(t) = 3.2:V-cos(wt+ 15-deg)

using phasor notation, draw a phasor diagram of the
three phasors, then convert back to time domain form.
v4(t) = 4.5:V-cos(wt - 30-deg)

V(@) =45V /300 or: Vq(w) = 45V.e) 0%

and
Vo(t) = 3.2:V-cos(wt+ 15-deg)

Vo(w) =32V /150 or:  V 5(w) = 30.\.d 150
I'm going to drop the () notation from the phasor notation, it gets

cumbersome, but remember that phasors are in the frequency
domain..

Vp =45V /30 oV, =45V.g)0%
Vo, =32V [150 or:
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or. @ = —?-Z-H-rad

The math is all based on the Euler's equation
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Phasors are drawn on a complex plane.
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Add like vectors, first change to the rectangular form

V =45V [30°  45V-cos(-30-deg) =3.897+V 45.V-sin(-30-deg) = 2.25°V V1 =3897 225 V \

} add
V 5=32V /150 3.2:V-cog(15-deg) =3.091+V 3.2:V-sin(15-deg) =0.828+V V 5 =3.091+0.828) *V /
Add real parts: 3.897 1 3.091 = 6.988 Vi3 =VitVae
Add imaginary parts: -2.25+0.828 =-1.422 V 3=6.988-1427 *V sum
Change V 3 back to polar coordinates:
\6.988% + 1.422° =7.131 atan| - 1422 =-11.502 *deg
6.988
OR, in Mathcad notation (you'll see these in future solutions):
‘v 3\ =7.131+V arg<v 3> =-11.5-deg
Change V 3 back to the time domain:
va(t) = vq(t)+vo(t) = 7.13cos(wt- 11.5deg)-V
Ex2. Two sinusoidal voltages: v 1(t) = 5-V-cos(wt+ 36.87-deg) and vo(t) = 3.162:V-cos(wt- 18.44-deg)
a) using phasor notation, find vz =v, - v, I\anw .
CITE
i s 4+
V=5V (308D 5-V-cos(36.87-deg) =4V
5-V.sin(36.87-deg) =3V I |
V1:4+3J v 2l V1:
[
i-(_18.44.deg) 4 I Real
V5 =3162V-¢ 3.162-V -cos(- 18.44-deg) =3V | Volts
3.162-V-sin(- 18.44-deg) =—1+V o et
. 4 3
Vo5=3-]V .. !
Yz
Subtract real parts: 4-V - 3V =1V —ZT
|
Subtract imaginary parts:  3-V - -1V =4V \Tolts
4775 Vv
- —1 44 - Vi 2
V3*V1*V2 V3—1+4j V Y .
Javyzs avy? OR: Sy Yl
I . . . = . |
Magnitude: (1-V) "+ (4V) =4.123-V ‘V 3‘ — 4123V : |
4 I Real
Angle: aIan(i"\\j) =75.96deg ag(V 3) =759-deg i
. _IQ 1 1 1 i ‘I1- 1 I6 T
So: vg(t) = vq(t) - vo(t) = 4.123V-cos(wt+ 75.96-deg)-V 1 V2
_2_

What about Capacitors and Inductors?

Capacitors and Inductors in AC circuits cause 90° phase shifts between voltages and currents because they integrate and
differentiate. But... integration and differentiation is a piece-of-cake in phasors.
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Calculus Q[A_é-(w-t+9)} = jAd (@O = (A (@t 0+ 90deg) — wA.d(6+90deg)
dt Drop the wt (t=0) to get:
1 . j(6—90d
{ Ad©OEO g = L 1, e sk = A )
j-w w ©
Impedance (like resistance)
| .
nductor oo Ld _ 4, Ot _ '-oo-L-{I _ej-(w-t+9)} AC impedance
NN AN L™ gt = "4t P =) p
\in phasor notation ----> Vi(w) = jwll(w) Z| = jwlL
Capacitor
. ~d _ d i(wtr0) _ . { '-(w-t+9)}
i~= C—v = C-V_,¢ = jwC|V ¢
4{ }* C\ dt © dt P P
in phasor notation ----> lc(w) = jwCV(w)
1 1 i
Vel = ———1(w) Zg = - =
) jwC jwC wC
Resistor

You can use impedances just like resistances as long as you deal with the complex arithmetic.
ALL the DC circuit analysis techniques will work with AC.

series : LM Z, 2, |_{:ZI}_

Zeq: Zl+22+23 + ...

R i L
Example:
f=500-Hz R =200-Q L =80-mH

rad

w =21f = (;023141.6';C C =0.6-pF j-w-L =251.327j+Q
1 530516i-0
j-w-C
Z eq " R+ +jwL = 200-Q- 530.5j-Q+ 251.3:j:Q =200 - 279.2 *Q rectangular form
j-w-C
J (200-Q)% + (279.2-Q) =343.4°0Q atan| 27922 ~ 5438 deg
200-Q
Z eq = 343.4Q [-54.4° polar form
f. Vv o=12.v.d%d® |-V = 2V _si0a5-mA | 0 544=544 deg
Z eq 343.4-Q
I = 34.95mA /5440 = | =20.348 +28.405] *mA
Voltage divider : 1
Z, 1 Note: = =-j = 1/-900
\Y =V N J
Zn total e — -
Z1+Zo+7Z .G , . )-90-deg,
17=27"3 Eg: Ve -vI@C o 1oy g0d330510¢€ Q
Z g 3434.¢ 4840 g
12-V-M =18.539V [ 0+-90--544=-356 deg

343.4-Q
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e
-

Example:

3
L= _

f = 500-Hz w = 2-7tf w=3141.6-"4

-

L4

parallel :
7 1

S |

I e R
=S ¢ L 3 L=80mH
j-wrL =251.327j+Q
R=2000Q C:=0.6uF 1 _3979108% .1

wlL
=-530.516j *Q

1
j-w-C

wC=188510° %
Q
1 1 1 1

eq’ -
1, 1 1jec- L 1 16851031 39791031 (5103 2004103 )1
jrwl R wl 200-Q Q Q Q

1 510 °+ 2.094-10 %]

3 5 170.156 +71.261j *Q
<5.10’3, 2_094.10’3.1' >£ <5-10’ +2.094-10 >
Q

2.93848-10°°

If you want the
answer in polar form,
it's easier to convert J(S-lo 31

2 2209410 3.0

510°%Q

1 = L]
the denominator first. o atan =-22.72+deg

2
+<2.094-103-1> =54:10 °
Q

! =185.185°Q /| 0--22.7=22.7 deg

-3
54-10 " Z o = 185.2/22.70

€q

0 [k

v =12v.d 0 R = 12V _64795:mA | 0-227=-227 deg

z eq 185.2-Q

| =60~ 25.127] *mA

Current divider : 1
1 ( 1
|

Zn total 1 1 1 Eg: I =1 =1
——t_—t—+... 1
Z1 22 23 <

64.795-mA.-g 22 7-deg, 1852622709, oy
251 307.d 90060 &

64.795-mA-M =47.747°mA [ -227+227-90=-90 deg || =—47.746) *'mA
251.327-Q

Duh... v =—47.746] *mA
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